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0.

General introduction

Mathematical models play an ever increasing role in the development of science and
technology, as they offer the possibility to simulate, understand and optimize reality in
computing laboratory. They can be used in a large variety of applications, e.g. fluid flows
and air flows, mass and temperature distributions, pollution of air and water, electrical
and gravitational interactions, to name only a few. Since physical experiments are often
very difficult and costly, physical problems are often represented by partial differential
equations which have to be solved by discrete numerical methods. The computation of an
accurate approximation to the original continuous problem will usually lead to systems
of linear equations in which the number of unknowns can be very large: currently, for
many practical three-dimensional applications, the size of the linear systems is typically
of the order of 1-100 million unknowns. Fortunately, the coefficient matrices arising in
such computations are very sparse, i.e, only a very small part of the entries of A differs
from zero. In this thesis, we consider the solution of x from the large sparse system of
linear equations Ax = b for a real non-singular N × N matrix A and a given vector b.
Elimination methods have as drawback that, in general, the number of non-zero entries
strongly increases during the elimination process. Therefore, these methods are often too
costly in terms of computer storage and CPU-time. As a consequence, sparse systems
of linear equations are often solved by iterative methods which generate a sequence of
approximations x(n) which hopefully converges rapidly towards the exact solution x. One
of the more popular methods is the conjugate gradient method, developed in 1952 by
Hestenes and Stiefel [18] for the case of symmetric, positive definite systems. In exact
arithmetic, the method can be considered as a direct method, because the solution is
obtained in at most N iteration steps. In the 1970s the method was considered as an
iterative method [34], and generalised for the non-symmetric case, resulting in a large variety of methods. In general, the speed of convergence of these methods strongly depends
on the eigenvalue distribution of the coefficient matrix. For example, for the conjugate
gradient method it can be proven that it is very important that the spectral condition
number is small, and that the extreme eigenvalues are well separated [47]. Therefore, a
conjugate gradient-like method is often applied to the system
C −1 Ax = C −1 b
instead of to the original system Ax = b. The non-singular matrix C is called the preconditioner. It should be chosen in such a way that the preconditioned matrix C −1 A is close
to the identity matrix, and the system Cy = d for given d can be solved much easier than
the original system. In general, the application of the preconditioner will increase both the
storage requirements and the computational labour in each iteration step. Nevertheless,
3
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it is often possible to solve the preconditioned system in far fewer iteration steps than
the unpreconditioned system, so that the total amount of computational work is lowered.
This thesis deals with the construction of preconditioners for systems of linear equations
as they occur in a number of practical problems. Primarily, we consider preconditioning
techniques based on an incomplete decomposition of A, because of their simple definition
and high efficiency. In this technique, an LU-decomposition is constructed in which the
sparsity of the factors L and U is preserved by ignoring some or all elements causing
fill-in additional to that of A. Meijerink and van der Vorst [25] have shown existence and
uniqueness of the incomplete decomposition for an important class of problems and for
an arbitrary choice of the sparsity pattern of L + U. They showed that the CG method
gives excellent results when combined with an incomplete Choleski-decomposition as preconditioner (ICCG).
Outline of the thesis.
This thesis consists of seven chapters, arranged in chronological order.
In the first chapter, some well-known iterative techniques for solving sparse systems
of linear equations are described and compared with each other, including some conjugate gradient-like methods. Also described are preconditioning techniques based on
incomplete decompositions that can optimally exploit a banded sparsity pattern of the
coefficient matrix. In [25], these sort of preconditioners have been considered in more
detail. The techniques are tested on a number of problems, including some examples
with non-symmetry coming from dominating convective parts in the partial differential
equation.
In many practical problems the coefficient matrix does not have a banded structure.
Realistic physical problems often involve complicated geometries. In general, this leads to
a very complicated non-zero structure of A. But even if the original matrix has a banded
structure, it is sometimes advantageous to perform a renumbering of the unknowns, thus
generating a coefficient matrix with an irregular structure (see, for example, Chapter 6).
Therefore, in Chapter 2 a data structure is described for non-symmetric matrices with
an arbitrary sparsity pattern, and an algorithm is described for the construction of an
incomplete LU-decomposition based on a drop tolerance. In this technique, a splitting
A = LU + R is made, which has the property that all elements of R are in absolute value
less than a parameter ε. When the system of linear equations stems from the discretization
of a partial differential equation with varying coefficients, or when stretched grids are used,
the matrix entries can vary strongly in absolute value. Therefore, we expect advantages of
incomplete decompositions based on a drop tolerance. These techniques are demonstrated
on the same test problems as used in Chapter 1. Parts of Chapter 2 have been presented
in [42] and [43].
The third chapter gives an example of a situation in which these techniques can be
applied. It describes a numerical model for the simulation of the temperature distribution
in a block of concrete during the hardening process. The model leads to a non-stationary
partial differential equation for the temperature distribution. In order to solve this PDE,
a system of linear equations has to be solved several times, in which a small part of the
matrix has a very irregular sparsity pattern due to some special boundary conditions.
Some special-purpose preconditioning techniques are described in which this small part
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of the matrix can be treated very efficiently. These techniques are compared to the more
general preconditioning technique of Chapter 2 which makes no restriction with respect
to the sparsity pattern of A. Several methods for choosing the sparsity pattern of the
factors L and U are compared with each other. Some results of Chapter 3 have also been
presented in [42] and [43].
On supercomputers it is not only important that the preconditioner reduces the number of iteration steps. It is also very important that the application of the preconditioner
is suitable for vectorization and parallelization. There has been a major research effort in
developing techniques which can be implemented efficiently on supercomputers (see, for
example, [12, 37] and the references quoted therein). When an incomplete factorization
is used, a large number of lower- and upper-triangular systems has to be solved. Since
algorithms for solving such systems are highly sequential by nature, they often form the
bottleneck in implementations on vector and parallel computers. Therefore, in Chapter 4
we describe some possibilities for implementation of these algorithms on supercomputers.
The resulting incomplete decompositions are compared with a number of other preconditioning techniques like polynomial preconditioning, which lend themselves more naturally
for implementation on supercomputers. The systems of linear equations which arise in a
numerical model for the Boussinesq equations are used as test problems. Some results of
Chapter 4 have also been presented in [45].
In Chapter 5 we consider the linear systems arising in the computation of flows governed by the incompressible Navier-Stokes equations. The numerical solution of these
equations for realistic problems is very demanding; it requires the best of the available
computing power and numerical algorithms. The linear systems arising in these computations are typically of the form
"

I dtd + M G
D
0

#"

x1
x2

#

=

"

b1
b2

#

in which the block G is approximately equal to −D T . The submatrix M often contains
a dominating skew-symmetric part, which severely complicates the numerical solution.
Moreover, since the submatrix in the lower-right corner contains only zero elements, a
straightforward sparse incomplete decomposition is not possible. Therefore, we consider
the equivalent system QAx = Qb, in which Q can be regarded as a pre-preconditioner.
Its function is to obtain a linear system for which one can easily construct a proper
preconditioner. The construction of an incomplete LU-decomposition of QA can be done
in a similar way as the construction of L and U based on a drop tolerance as described
in Chapter 2. Some parts of Chapter 5 have also been presented in [46].
The rate of convergence of most iterative methods deteriorates when the mesh is refined. For many problems, one can prove that the multigrid method has the optimum
order of complexity. However, due to the required proper smoothers and the restriction
and prolongation operators at each level, the implementation of multigrid techniques for
practical problems is much more complicated than that of most conjugate gradient-like
methods. In Chapter 6, we describe an incomplete decomposition which is based on the
same basic idea as in multigrid methods: many iterative methods can eliminate highfrequency errors very effectively, but they are inefficient at eliminating long-wavelength
errors. A couple of iteration steps results in an approximation with a smooth error.

6
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This error can therefore be well corrected on a coarser grid. Solving the equations on
the coarse grid gives the two-grid method. Applying this idea recursively on coarser and
coarser grids leads to the multigrid method. The new preconditioning technique described
in Chapter 6 uses a partition of the unknowns based on a similar sequence of grids as in
multigrid. Renumbering the unknowns according to this partition enables us to construct
an incomplete LU-decomposition which can be used in eliminating effectively both highand low-frequency errors. The factors L and U are obtained from an incomplete decomposition based on a drop tolerance as described in Chapter 2. Results are presented from
the above method applied to a large number of test problems described in the literature,
including the test problems of Chapter 1. For many problems, the new preconditioning
technique shows grid-independent convergence when combined with a conjugate gradientlike method. In many cases, the preconditioning technique of Chapter 6 is superior to the
techniques of Chapter 1 and 2. More research is required in order to study the possibilities
for applying the ideas of this chapter to the systems of linear equations of Chapters 3-5.
Chapter 6 is a joint work with E.F.F. Botta and F.W. Wubs. It is also available as a
technical report [44].
In the last chapter, some conclusions are drawn, and some suggestions for future
research are made.

1. Comparison of some iterative methods
for large sparse systems of linear equations
1.1

Introduction

Solution of large sparse systems of linear equations continues to be a major research area
with widespread application. The numerical solution of time-dependent or non-linear
partial differential equations repeatedly requires the solution of linear systems of the form
Ax = b

(1.1)

where A is a large sparse N × N matrix and b a given vector. One way to solve (1.1) is
by using a direct method, for example, by the construction of an LU-decomposition. In
this approach an upper-triangular part U and a lower-triangular part L are constructed
in such a way that A = LU. The system (1.1) can be solved in two steps using the factors
L and U subsequently. One major drawback of this strategy is the fact that L and U
are not sparse due to fill-in during the factorization process, so that computer storage
demands are very high. Moreover, the computational work for constructing the factors
L and U increases strongly with the dimension of the problem. As a result, systems
like (1.1) are often solved with iterative methods. Iterative techniques have a number
of advantages over direct solution: first of all, they often can exploit the sparsity of the
coefficient matrix and secondly, the accuracy of the solution can be controlled more easily.
This is important, especially when the linear system solver is used as an inner-iteration
method, for example, within some Newton-like method for solving a system of non-linear
equations. Solving the systems of linear equations too accurately at the beginning of the
outer-iteration process would result in a waste of computer time. Moreover, when the
linear system stems from a discretization of some partial differential equation, it is not
practical to determine an approximate solution in which the error is less than the error
coming from the discretization.
In Section 1.2, we will describe some well-known iterative techniques for solving linear
systems. They may be classified into stationary and gradient methods. First we consider the stationary methods of Jacobi and Gauss-Seidel. These are the earliest iterative
methods, and they are based on a splitting of the coefficient matrix. For many practical problems the Gauss-Seidel method can be accelerated by using relaxation techniques,
leading, for example, to the well-known successive over-relaxation (SOR) method. We
also consider the method of steepest descent and the conjugate gradient (CG) method.
The convergence behaviour of the latter can strongly be improved by using preconditioning techniques. The preconditioned CG method is considered as one of the most efficient
7
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methods for solving linear systems in which the coefficient matrix is symmetric positive
definite. Even when A is not symmetric, it is often possible to use CG-like methods to
solve (1.1). In this chapter we will describe both Bi-CGSTAB [50] and GMRES(M) [38].
In Section 1.4 some preconditioning techniques based on incomplete decompositions
are described for matrices with a diagonal structure. These matrices arise, for example,
in the discretization of a steady convection-diffusion equation on a rectangular domain.
In some cases the quality of the preconditioner can be improved by adding fill-in to the
diagonal as suggested by Gustafsson [17].
Section 1.5 presents numerical results for symmetric and non-symmetric test problems,
including two problems in which the coefficient matrix stems from the discretization of a
steady convection-diffusion equation with dominating convective parts. In one of these
problems upwind differencing is used for the convective parts, and in the other one these
terms are discretized using central differences.

1.2

Some stationary iterative methods

First we recall some commonly used definitions.
Definition 1 A real N × N matrix A is said to be diagonally dominant if
aii ≥

N
X

j=1
j6=i

|aij |

for all i = 1, . . . , N

The matrix is said to be strictly diagonally dominant, when ‘≥’ is replaced by ‘>’.
Definition 2 A real matrix A is an M-matrix, if it is non-singular, its entries aij ≤ 0
for i 6= j, and all entries of A−1 are not negative.
In setting up linear equations for the numerical solution of partial differential equations, it
is frequently known from physical properties or mathematical reasoning that the coefficient
matrix is an M-matrix.
Definition 3 Suppose that A is a real matrix. The pair of matrices (Q, H) is called a
splitting of A if Q is non-singular, and
A=Q−H
The splitting is called regular if all entries of both Q−1 and H are not negative.
In this section we consider the linear system (1.1) for non-singular A. First we consider
stationary iterative methods based on the splitting (Q, H) defined by
Qx(k+1) = Hx(k) + b

(1.2)

In general, the convergence will be fast when H is small in some sense. For example, if
H = 0 we have that Q = A, and we obtain x(1) = A−1 b. Hence only one step of the
iteration is required. Obviously, this choice is impractical, because it requires the inverse
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of the coefficient matrix. The splitting A = Q − H should be chosen in such a way that Q
resembles A as closely as possible, but for a given vector d we must be able to solve Qy = d
efficiently. Suppose that the iteration error v (k) is defined by the difference x − x(k) . By
rewriting (1.1) as Qx = Hx + b and subtracting (1.2) from this equation, we obtain
Qv (k+1) = Hv (k)
and with induction one can show that
v (k) = (Q−1 H)k v (0)
The matrix Q−1 H is called the iteration matrix. One can prove that the iterative method
defined by (1.2) converges if and only if the spectral radius ρ(Q−1 H) is less than 1 (see,
for example, [52]). In [52] it is also proved that when (Q, H) is a regular splitting of an
M-matrix A, the iterative method (1.2) converges.
Some choices of the splitting (Q, H).
Most of the methods described in this section will only converge if the coefficient matrix
is diagonally dominant. In such cases it is convenient to assume that the diagonal of the
matrix has been scaled to unity. We assume that the coefficient matrix can be expressed
as
A = I − LA − UA
(1.3)
where I is the identity matrix,



LA =

and





−




0
a21
a31
..
.

0
0
a32

aN,1 . . .

0
0
0
..
.

...
...
...

0
0
0
..
.

aN,N −1 0













0 a12 a13
...
a1,N
 .
..
..
 .
.
.
 .

UA = −  0 . . . 0 aN −2,N −1 aN −2,N

 0 ...
0
0
aN −1,N

0 ... 0
0
0

(1.4)











(1.5)

The Jacobi iteration is described by (1.2) with Q equal to the identity matrix, hence
x(k+1) = (LA + UA )x(k) + b
The Jacobi iteration matrix MJ is equal to LA + UA , and, as follows from (1.3), this is
equal to I − A. This implies that each eigenvalue µi of MJ is related to an eigenvalue γi
of A by µi = 1 − γi .
If the variables are not corrected simultaneously but in the sequence i = 1, 2, . . . , N,
(k+1)
(k+1)
(k+1)
then x1
, . . . , xi−1 are already available when xi
is determined. In the GaussSeidel iteration these revised values are used instead of the original values, giving the
faster iterative method
(I − LA )x(k+1) = UA x(k) + b

10
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At each step of this iteration process a lower-triangular system has to be solved.
For large systems of equations the convergence of the Gauss-Seidel iteration may still
be slow. In many cases the convergence behaviour is regular, and it is possible to improve
the rate of convergence by an acceleration technique. In the successive over-relaxation
method (SOR) an over-relaxation is carried out regularly at every iteration step, which
leads to the iteration formula
(I − ωLA )x(k+1) = [(1 − ω)I + ωUA ]x(k) + ωb
where ω is the relaxation parameter. In the special case when ω = 1, SOR reduces to the
Gauss-Seidel iteration.
The iteration matrix MSOR is equal to
(I − ωLA )−1 [(1 − ω)I + ωUA ]
It is not possible, in general, to derive a simple relationship between the eigenvalues of
this matrix and those of A. However, Young [59] has discovered a class of matrices, having
the so-called property A, for which the convergence rate of SOR can be directly related
to that of the Jacobi iteration: suppose that µi 6= 0 is an eigenvalue of the Jacobi matrix,
and λi is an eigenvalue of MSOR . If ω 6= 0, these eigenvalues will be related through
(λi + ω − 1)2 = λi µ2i ω 2

(1.6)

From (1.6) it follows that the convergence rate of the Gauss-Seidel iteration (ω = 1) is
twice that of the Jacobi iteration. Furthermore, from (1.6) it can be deduced that when
all eigenvalues of the Jacobi matrix are real, and when µmax is the largest eigenvalue of
the Jacobi matrix, the optimal over-relaxation parameter can be expressed as
2
ωopt =
1
1 + [1 − µ2max ] 2

leading to a spectral radius of MSOR equal to ωopt − 1.

Suppose that A stems from a standard discretization of the Poisson equation −∆u = f
on the square [0, 1] × [0, 1] with Dirichlet boundary conditions everywhere. Furthermore
suppose that a uniform grid is used with mesh size h = 1/M in both directions (in the
sequel of this chapter this problem will be referred to as the Poisson-model problem). One
can prove that the eigenvalues of the Jacobi iteration matrix are given by
cos (pπ/M) + cos (qπ/M)
,
p = 1, . . . , M − 1;
2
The largest eigenvalue is obtained for p = q = 1, so that
µpq =

µmax = cos (π/M)

q = 1, . . . , M − 1
(1.7)

By using a Taylor expansion of the right-hand side of this equation we obtain the following
approximations to the spectral radii.
1 − 21 π 2 /M 2 ,
for Jacobi
2
2
1 − π /M ,
for Gauss-Seidel
1 − 2π/M,
for SOR

Comparison of some iterative methods for large sparse...
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Using these equations one can easily deduce that with Jacobi and Gauss-Seidel, the work
necessary to obtain the solution of Ax = b with a specified accuracy is O(N 2 ). With SOR
the amount of work is O(N 3/2 ), which is favourable. However, for realistic problems it
may be difficult to obtain the optimal relaxation parameter, and, in many cases, another
choice for ω than ωopt can significantly deteriorate the convergence rate of SOR.
There are many other stationary methods of the form (1.2), for example, SLOR and
SSOR. These methods are not described here. Instead, we will now consider some gradient
methods.

1.3

Some conjugate gradient-like methods

Suppose that the coefficient matrix of the equations is symmetric and positive definite.
This implies that the operator (·, ·)A : RN × RN −→ R defined by
(x, y)A = (x, Ay)
is an inner product, and k · kA : RN −→ R defined by
1

kykA = (y, Ay) 2
defines a norm. Finding the solution of Ax = b is equivalent to finding y for which kx−yk2A
is zero, and because
kx − yk2A = (x − y, Ax − Ay) = (x, Ax) + (y, Ay) − 2(y, Ax)
this is equivalent to minimalization of the quadratic form
J[y] =

1
2

(y, Ay) − (y, b)

Suppose that x(k) is an approximation of the solution at stage k of the iteration process.
The process consists now of choosing a search direction z (k) and minimizing J[y] in this
direction. This means that x(k+1) is chosen equal to x(k) + αk z (k) , where αk is chosen in
such a way that
d
J[x(k) + αk z (k) ] = 0
dαk
From this equation we obtain that αk can be expressed as
αk =

(z (k) , r (k) )
(z (k) , Az (k) )

in which the residual vector r (k) is defined by
r (k) = b − Ax(k)
Both the methods of steepest descent and conjugate gradients follow this strategy. The
methods differ only in the choice of the search direction z (k) . In the steepest descent

12

Chapter 1

procedure this direction is chosen to be the direction of the maximum gradient of J[y]
at the point x(k) . One can show that this direction is equal to that of r (k) . Hence the
method of steepest descent can be represented by
x(k+1) = x(k) + αk r (k) ,

with αk =

(r (k) , r (k) )
(r (k) , Ar (k) )

This iteration scheme is of the form (1.2) with Q = (1/αk )I.
In the conjugate gradient method, which was developed in 1952 by Hestenes and Stiefel
[18], the search directions are chosen in such a way that at each iteration step the dimension of the problem is reduced by 1. This can be accomplished by choosing z0 , z1 , . . .
orthogonal with respect to A and hence satisfying the condition
(z (k) , Az (j) ) = 0,

j = 0, 1, . . . , k − 1

(1.8)

The conjugate gradient algorithm is described by Algorithm 1.1.
Algorithm 1.1. The conjugate gradient algorithm.
r (0) := b − Ax(0) ;
z (0) := r (0) ;
ρ0 := (r (0) , r (0) );
FOR k := 0, 1, 2, . . . DO
BEGIN
αk := ρk /(z (k) , Az (k) );
x(k+1) := x(k) + αk z (k) ;
r (k+1) := r (k) − αk Az (k) ;
ρk+1 := (r (k+1) , r (k+1) );
βk := ρk+1 /ρk ;
z (k+1) := r (k+1) + βk z (k)
END;

It can be shown by induction that the sequences of vectors r (k) and z (k) generated by
this algorithm satisfy (1.8), and, in addition, the following relationships are satisfied:
(r (k) , z (j) ) = (r (k) , r (j) ) = 0,
(r (k) , z (k) ) = (r (k) , r (k) )

and

j = 0, 1, . . . , k − 1,
(r (k) , Az (k) ) = (z (k) , Az (k) )

When rounding errors do not affect the computation, the orthogonality relations imply
that the correct solution is obtained in at most N steps. Therefore, the conjugate gradient
method was first considered as a direct method for solving systems of linear equations.
However, when N iteration steps are required, the method is very costly compared with
other methods. In many situations, far more than N steps are required due to rounding
errors. Therefore, it is better to consider the CG method as an iterative method for
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solving sparse systems of linear equations.

Convergence of the CG method.
From the orthogonal relationships it follows that after k steps of the CG method the
approximate solution x(k) is constructed in such a way that the A−norm of the error is
minimized over all u with u − x(0) in the Krylov subspace
Kk (A; r (0) ) = span{r (0) , Ar (0) , A2 r (0) , . . . , Ak−1 r (0) }
Hence
kx(k) − xkA =

min

u∈x(0) +Kk (A;r (0) )

ku − xkA

(1.9)

The right-hand side of this equation can be written as
min kPk (A)(x − x(0) )kA

Pk ∈Πk−1

(1.10)

where Πk−1 is the set of all polynomials Pk of degree ≤ k −1 such that Pk (0) = I. Suppose
that x − x(0) can be expressed in the eigenvector component form
x − x(0) =

N
X

σj vj

j=1

where vj are the eigenvectors of A with corresponding eigenvalues λj . Then Pk (A)(x−x(0) )
can be expressed as
N
X

σj Pk (A)vj =

N
X

σj Pk (λj )vj

(1.11)

j=1

j=1

In order to minimize the A−norm of this vector, the value |Pk (λj )| should be as small as
possible for all eigenvalues λj of A. The polynomial for which Pk (λ) = 0 for all λ is not
possible, because we have as condition that Pk (0) = 1. Since the CG method produces
the optimal polynomial, the convergence rate of the CG method can be irregular, and is
strongly influenced by the location of the eigenvalues. For instance, if the eigenvalues are
clustered into 10 groups, the 10th-order polynomial will have zeroes within or very close to
these groups, giving a large error reduction at the 11th iteration step. It is possible to use
Chebychev polynomials to give bounds for the convergence rate of the CG method based
on the fact that they cannot produce better reductions of the error than the optimal
polynomials generated by the CG method. In this way one can prove the well-known
upper bound on the residual vector [3]:
1
 (cond(A)) 2



kx − x(k) kA ≤ 

1
(cond(A)) 2

k

− 1
+1



kx − x(0) kA

(1.12)

Herein cond(A) is the spectral condition number of the coefficient matrix. In practice,
the rate of convergence can be considerably faster: when the extreme eigenvalues are
relatively well separated from the remainder of the spectrum, the rate of convergence
improves during the iteration process. This phenomenon is called superconvergence [47].
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If the CG method is used to solve the linear system coming from the Poisson-model
problem mentioned earlier, the amount of work to solve the linear system is approximately
the same as with SOR, and the only advantage of CG over SOR is that no relaxation
parameters have to be chosen. However, it appears to be possible to improve the convergence rate of CG drastically by using a preconditioner (see Section 1.4 for more details).
Some iterative methods for non-symmetric systems.
When the matrix is not symmetric, one possible iterative method is obtained by applying
the CG method to the system
AT Ax = AT b
This approach does not lead to an efficient iterative method. First of all, the amount
of computational work per iteration step almost doubles, because two matrix-vector
products are required. Secondly, the spectral condition number of AT A may be much
larger than that of A. If the coefficient matrix is symmetric, cond(AT A) is the square of
cond(A), and about twice as many iteration steps are required as when the CG method
is applied to Ax = b. When A is not symmetric, this may be even worse. For example,
the matrix
#
"
1 2
A=
0 1
has both eigenvalues equal to one, while
T

A A=

"

1 2
2 5

#

√
has eigenvalues 3 ± 2 2, and its spectral condition number is approximately 34.
In the Bi-Conjugate Gradients (Bi-CG) method, proposed by Fletcher [15], two sequences
of residual vectors r (k) and r̃ (k) are generated by simple recurrence relations similar to those
in the CG method. In many situations this approach is successful, although there is no
solid theoretical basis for the convergence behaviour of the Bi-CG method.
At the k−th step of the Bi-CG algorithm, a polynomial Pk is generated in such a way
that r (k) = Pk (A)r (0) and r̃ (k) = Pk (AT )r̃ (0) , so that
(r̃ (k) , r (k) ) = (Pk (AT )r̃ (0) , Pk (A)r (0) ) = (r̃ (0) , Pk2(A)r (0) )
Apparently, the operator Pk (A) transforms the vector r (0) into a small vector r (k) , so that
it might be a good idea to apply Pk (A) once more. This is the basis for the so-called
Conjugate Gradient Squared (CGS) method [39]. For many problems, CGS converges
about twice as fast as Bi-CG. An additional advantage of CGS over Bi-CG is that it
requires no matrix-vector multiplication with AT . However, the convergence behaviour
can be quite irregular, in particular when the starting vector is close to the solution. Since
a linear system solver is often used as an inner-iteration process within an outer-iteration
process, this is no rare occasion. A very unpleasant side effect of this phenomenon is that
the accuracy of the solution delivered by CGS can be degraded by the effect of rounding
errors. An improved version of CGS called Bi-CGSTAB has recently been introduced by
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Algorithm 1.2. The Bi-CGSTAB algorithm.
r (0) := b − Ax(0) ;
p is chosen in such a way that (p, r (0) ) 6= 0, e.g., p := r (0) ;
ρ0 := 1; α := 1; ω0 := 1;
v (0) := 0; q (0) := 0;
FOR k := 1, 2, 3, . . . DO
BEGIN
ρk := (p, r (k−1) );
β := (ρk α)/(ρk−1 ωk−1);
q (k) := r (k−1) + β(q (k−1) − ωk−1 v (k−1) );
v (k) := Aq (k) ;
α := ρk /(p, v (k) );
s := r (k−1) − αv (k) ;
t := As;
ωk := (t, s)/(t, t);
x(k) := x(k−1) + αq (k) + ωk s;
IF x(k) is accurate enough THEN quit;
r (k) := s − ωk t
END;

van der Vorst [50]. Bi-CGSTAB has a more regular convergence behaviour than CGS. It
can be implemented as shown in Algorithm 1.2.
In many iterative methods for solving a linear system Ax = b, the idea is to solve the
system projected onto the Krylov subspace Kk (A; r (0) ). When A is symmetric and positive
definite, it is possible to form the projected system by a simple three-term recursion. This
is fundamental for the efficiency of the conjugate gradient method. When the coefficient
matrix is not symmetric, such a simple recursion is not possible. The GMRES method
[38] solves the system projected onto the Krylov subspace. At the k−th iteration step
of GMRES, x(k) is the vector that minimizes kb − Ayk2 over all y ∈ x(0) + Kk (A; r (0) ).
This has the advantage that the 2-norm of the residual vector does not increase when
the iteration process proceeds, and with exact arithmetic the method terminates within
N steps. In Chapter 5 we will see that GMRES can be used successfully for solving
the systems of linear equations that arise in the computation of flows governed by the
incompressible Navier-Stokes equations.
At every step of GMRES we have to form an orthonormal basis {v (1) , v (2) , . . . , v (k) }
for Kk (A; r (0) ), which can be done by using Arnoldi’s method. If we write V (k) for the
matrix with columns {v (1) , v (2) , . . . , v (k−1) }, this leads to
AV (k) = V (k+1) H (k)
where H (k) is an (k+1)×k upper-Hessenberg matrix. A disadvantage of GMRES is that all
the vectors v (k) have to be stored in memory, and the construction of an orthonormal basis
for the Krylov subspace becomes more complex with increasing k. Therefore, GMRES is
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restarted after M steps, so that one obtains an iterative method GMRES(M) instead of a
direct method. GMRES(M) can be described by the scheme presented in Algorithm 1.3.
In this scheme solve(x, k) represents the following computations:
compute y as the solution of Hy = g̃, where the upper-triangular part of H
has hi,j as its elements, and g̃ represents the first k components of g;
P
x := x(0) + ki=1 y[i]v (i) ;
Algorithm 1.3. The GMRES(M) algorithm.
REPEAT
r (0) := b − Ax(0) ;
v (1) := r (0) /kr (0) k2 ;
g := kr (0) k2 (1, 0, 0, . . .)T ;
FOR k := 1 TO M DO
BEGIN
hi,k := (Av (k) , v (i) ),
i = 1, 2, . . . , k;
Pk
(k+1)
(k)
ṽ
:= Av − i=1 hi,k v (i) ;
hk+1,k := kṽ (k+1) k2 ;
v (k+1) := ṽ (k+1) /hk+1,k ;
Apply J1 , J2 , . . . , Jk−1 to (h1,k , h2,k . . . hk+1,k );
Construct Jk ;
Apply Jk to (h1,k , h2,k . . . hk+1,k ) and g;
IF g[k + 1] is small enough THEN
BEGIN
solve(x, k);
quit
END
END; {k-loop}
solve(x(0) , M)
END;

The Givens rotation Jk acting on the k−th and (k + 1)−th component of a vector w
is defined as follows:
(Jk w)[k] = ck+1 w[k] − sk+1 w[k + 1],

and

(Jk w)[k + 1] = sk+1 w[k] + ck+1w[k + 1]

and

sk+1 = −hk+1,k /(h2k,k + h2k+1,k ) 2

where ck+1 and sk+1 are defined by
1

ck+1 = hk,k /(h2k,k + h2k+1,k ) 2 ,

1

It can be proved that the (k + 1)−th component of g is equal to the 2-norm of the residual
vector b − Ax, where x is obtained from solve(x, k). In the scheme above the orthogonalization is performed using the modified Gram-Schmidt algorithm. It is important that

17

Comparison of some iterative methods for large sparse...

all computations are performed in double precision, because there may be a loss of orthogonality among the v (k) ’s due to the presence of round-off errors. Therefore, Walker [54]
proposed to use Householder transformations for computing an orthonormal basis of the
Krylov subspace.
There exists a whole family of methods to solve linear systems in which the coefficient
matrix is not symmetric. For a description of a large number of these methods see, for
example, [8].

1.4

Preconditioning

From (1.12) it follows that the CG method performs well if the spectral condition number
is small. This suggests that we precondition the original system of linear equations in
such a way that the spectral condition number is decreased as much as possible. This
means that we apply a CG-like method to the preconditioned system
C −1 Ax = C −1 b

(1.13)

The non-singular matrix C is called the preconditioner. There is a wide choice of preconditioners, see, for example, [8, 37]. The matrix C should have the following properties.
1. It should be a proper approximation of A, so that C −1 A resembles the identity
matrix. The most important quality of a preconditioner is to reduce the spectral
condition number of the preconditioned matrix C −1 A.
2. The preconditioner should be cheap to compute, and it should be possible to solve
the system Cy = d for given d in O(N) operations.
3. It should not require a large amount of storage.
Matrices resulting from a discretization of partial differential equations usually are very
sparse. For matrices which are diagonally dominant, a very effective way of obtaining
a proper preconditioner is to proceed with an LU-decomposition, but to preserve the
sparsity in the factors L and U by ignoring some or all elements causing fill-in additional
to that of A. The matrix C is then chosen equal to LU. In this way one obtains the
splitting (LU, −R), where R = A−LU is the so-called residual matrix. A CG-like method
can be applied to the preconditioned system
U −1 L−1 Ax = U −1 L−1 b
or to the system
L−1 AU −1 x̃ = L−1 b,

x̃ = Ux

We can describe the sparsity pattern of the matrix L + U using the set P defined as
P = {(i, k)|specification of the positions (i, k) where fill-in is allowed.}

(1.14)
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Meijerink and van der Vorst [25] have proved that when A is an M-matrix, a unique
incomplete decomposition exists for every choice of P that contains the main diagonal,
and the incomplete decomposition process is more stable than the complete decomposition
without pivoting. The splitting (LU, −R) is regular in that case.
In this chapter, we will focus on iterative methods for matrices with a diagonal structure
as shown in Fig. 1.1. These matrices arise, for example, from the discretization of the

Figure 1.1: Sparsity pattern for a five-point finite-difference operator over a rectangular
grid.

steady convection-diffusion equation
∂
∂
−∆u(x, y) + d(x, y) u(x, y) + e(x, y) u(x, y) = f (x, y)
(1.15)
∂x
∂y
on a rectangular domain. If we perform an incomplete LU-decomposition in which all
elements of L and U causing fill-in additional to that of A are neglected, we obtain the
same sparsity pattern for L + U as for the coefficient matrix. In many cases the number
of iteration steps can be reduced by allowing fill-in not only in the bands shown in this
figure, but also in a number of extra bands [25, 26]. However, taking the same sparsity
pattern for L+U as for A has a number of advantages. First of all, this choice gives better
possibilities for vectorization and parallelization and secondly, it enables us to implement
the matrix-vector multiplication efficiently using the so-called Eisenstat implementation
[14].
Implementation on supercomputers.
On supercomputers it is not only important that the preconditioner reduces the number
of iteration steps necessary to fulfil a certain stopping criterion. It is also very important
that the application of the preconditioner is suitable for vectorization and parallelization.
Algorithms to solve the lower- and upper-triangular systems are highly sequential by nature. However, when A represents a five-point finite-difference operator over a rectangular
grid, and L + U has the same sparsity pattern as A, it is possible to improve the performance on supercomputers by changing the order of computation. Suppose that x is solved
from Lx = y. The components of x only depend on the previously computed neighbours
in the west and south direction. Hence the unknowns corresponding to the grid points
along a diagonal of the grid depend only on the unknowns corresponding to the previous
diagonal. Therefore, if the unknowns are computed in the order corresponding to these
diagonals, then for each diagonal all components of x can be computed independently.
This technique is a special case of the more general technique known as level-scheduling
(see, for example, [12] and Section 4.2).
There are many other ways to obtain efficient implementations of preconditioned CGlike methods on supercomputers, especially when the linear system comes from the discretization of (1.15), and L + U has the same sparsity pattern as the coefficient matrix.
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See, for example, [12, 37].
Eisenstat implementation.
It can be shown that if both A and L + U have a sparsity pattern as shown in Fig. 1.1,
only corrections on the main diagonal are performed during the construction of L and
U. This implies that computer storage demands are low, because the preconditioner only
requires one extra diagonal. Another advantage is that we are able to implement the
matrix-vector multiplication efficiently as suggested by Eisenstat [14]. Suppose that the
preconditioner LU can be written as
(D − LA )(D − UA )
where LA and UA are defined by (1.4) and (1.5). It is no restriction to assume that D = I,
because we can scale the original system with D in such a way that LU takes the form
(I − LA )(I − UA )
Note that this scaling does not necessarily imply that the diagonal elements of A are all
equal to 1. Suppose that after the scaling the diagonal of A is DA . Now the preconditioned
matrix L−1 AU −1 can be represented by
(I − LA )−1 (DA − LA − UA )(I − UA )−1 =
(I − LA )−1 (I − LA + DA − 2I + I − UA )(I − UA )−1 =
(I − UA )−1 + (I − LA )−1 (DA − 2I)(I − UA )−1 + (I − LA )−1
which implies that x = L−1 AU −1 y for given y can be computed as follows:
v := (I − UA )−1 y;
x := (I − LA )−1 [y + (DA − 2I)v] + v;
This computation requires only solving two triangular systems plus the multiplication of
the diagonal matrix (DA − 2I) with v plus two vector additions. Hence the multiplication with the preconditioned matrix costs about the same as with the original coefficient
matrix.
Gustafsson’s modification.
In the so-called modified incomplete decomposition, which has been suggested by Gustafsson [17], a splitting (LU, −R) is made in which fill-in outside the sparsity pattern of
L and U is added on the main diagonal. As a result R has row sums zero:
N
X

j=1

rij = 0, for 1 ≤ i ≤ N

(1.16)

Suppose that A is a symmetric M-matrix, and L results from a modified incomplete Choleski-decomposition of A as described above. It can be shown that R has non-positive
elements outside the main diagonal. Hence from Gerschgorin’s theorem it follows that R is
positive semidefinite. From L−1 AL−T = I + L−1 RL−T it then follows that all eigenvalues
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λ of the preconditioned matrix satisfy λ ≥ 1. Thus the spectral condition number of the
preconditioned matrix is bounded by its spectral radius.
When the coefficient matrix is symmetric, this preconditioning technique is referred
to as MIC (Modified Incomplete Choleski), and when this technique is combined with
the CG method, this is indicated with MICCG. Gustafsson [17] has shown that, in many
cases, the modification of the diagonal leads to a reduction of the condition number of the
preconditioned matrix from O(h−2 ) to O(h−1 ), where h is the characteristic mesh size.
Surprisingly, in many cases this does not lead to a reduction in the number of iteration
steps. In [49] an example is given for which the convergence behaviour of MICCG is
worse than that of ICCG. This can be explained by the fact that when (1.16) is satisfied exactly, the iteration process may suffer from an unpredictable behaviour of the
largest eigenvalue(s) of the preconditioned matrix (see, for example, [30]). Therefore,
much attention has been given to strategies in which perturbations are introduced. In
[5] a relaxed form of a modified incomplete decomposition is described in which the corrections are multiplied with a factor α which varies from 0.0 to 1.0. Taking α equal to
0.0 leads to the unmodified incomplete Choleski-decomposition, and taking α equal to
1.0 to the modified incomplete decomposition. In practice, it is difficult to choose the
parameter α optimal, because the number of CG iteration steps depends very critically
on α. In [49] another technique is used in combination with MICCG. Herein a modified
incomplete decomposition of the matrix A + ζh2 DA is used as a preconditioner. We have
used these perturbations of the main diagonal only when we make a modified incomplete
decomposition of the coefficient matrix.

1.5

Numerical experiments

In order to demonstrate the techniques described in the previous section, we show some
results for three different problems. All numerical experiments have been carried out in
double precision on an HP-720 workstation, and with the iterative method applied to
the preconditioned system L−1 AU −1 x̃ = L−1 b, where x̃ = Ux. In all cases, the initial
solution was equal to the null-vector, and the main diagonal of both L and U was scaled
to unity, thus saving a number of floating point operations when solving the lower- and
upper-triangular systems. The efficient Eisenstat implementation was used whenever it
was possible.
Example 1. The first example shows the results of the Poisson-model problem described
earlier with Dirichlet boundary conditions everywhere. The Poisson equation was discretized over a rectangular (M + 2) × (M + 2)-grid with constant mesh size 1/(M + 1).
The number of unknowns is M 2 . The right-hand side was chosen in such a way that the
exact solution vector is equal to (1, 2, 3, 4, . . . , N)T . We used SOR, ICCG and MICCG
to solve the resulting system of linear equations. During the incomplete Choleski-decomposition all entries generating fill-in additional to that of A were neglected. The value of
the optimum relaxation parameter for SOR can be calculated from (1.6) and (1.7), and
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can be expressed as
ωopt =
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2
1 + sin (π/(M + 1))

The stopping criterion for SOR was
kx(n+1) − x(n) k2 < 10−10 kb − Ax(0) )k2
and the CG iteration process was stopped when
kL−1 (b − AL−T x̃(n) )k2 < 10−10 kL−1 (b − AL−T x̃(0) )k2
where x̃(n) = LT x(n) . In order to improve the efficiency of MICCG, we applied small
perturbations of the main diagonal. Before the modified incomplete Choleski-decomposition was made, all diagonal elements were multiplied with a factor 1 + ζh2 , in which
ζ = 10 appeared to be a proper choice. The results are summarised in Fig. 1.2, which
shows the number of flops per unknown required to fulfil the stopping criterion against M.
Fig. 1.2 clearly demonstrates the O(N 3/2 )-complexity of SOR: the amount of work per
unknown is a linear function of M = N 1/2 . With ICCG the computational complexity
is also O(N 3/2 ), although ICCG performs much better that SOR. Modification of the
diagonal as suggested by Gustafsson results in a very efficient preconditioner. For this
problem, it is possible to prove that the computational complexity of MICCG is O(N 5/4 )
[17].
As mentioned in Section 1.4, it is possible to implement (M)ICCG efficiently on supercomputers by computing the unknowns in the order corresponding to diagonals of the
grid. It appeared that the linear system can be solved at a speed of approximately 600
Mflop/sec on a NEC SX-3 with one processor, which has a peak performance of 2.75
Gflops/sec.
For the Poisson-model problem with Dirichlet boundary conditions, the number of
MICCG iteration steps is not very sensitive to the parameter ζ. However, when Neumann
boundary conditions are used, the number of iteration steps depends more clearly on the
choice of ζ. In order to illustrate this, Fig. 1.3 shows the results of the MICCG method
for various choices of ζ in case the coefficient matrix results from the Poisson-model
problem with Neumann boundary conditions everywhere. We used a constant mesh size
of 1/(M − 1) in both directions, leading to a system with again M 2 unknowns. The
matrix is singular, because the level of the solution is not fixed. In [21] it is shown that
it is preferable to apply CG to the original singular system, instead of eliminating the
singularity by keeping the level of the solution fixed during the iteration process. One can
show that when ζ is larger than 0, all diagonal elements of the factor L are positive. If
ζ is 0 and a standard, lexicographical ordering is used, the last diagonal element of L is
zero. When this is the case, this element is replaced by 1.0. From the results of Fig. 1.3
it follows that ζ should be chosen larger than 0. For this problem, a proper choice for ζ
is 10.
In Chapter 6 we will describe a preconditioning technique with which we can obtain
grid-independent convergence for the test problem considered here: the number of CG
iteration steps combined with this preconditioner does not increase when the mesh is
refined.
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Figure 1.2: Numerical results for Example 1 with Dirichlet boundary conditions.

Figure 1.3: MICCG for ζ = 0, 1, 10 and 100. Example 1, Neumann boundary conditions.
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Example 2. This example shows the effect of dominating first-order derivatives in a
partial differential equation. The system of linear equations comes from a five-point
finite-difference discretization of the steady convection-diffusion equation
−ǫ∆u(x, y) + d(x, y)

∂
∂
u(x, y) + e(x, y) u(x, y) = 0
∂x
∂y

(1.17)

on the square [0, 1] × [0, 1] with Dirichlet boundary conditions everywhere. The diffusion
coefficient ǫ = 10−5 , and the functions d(x, y) and e(x, y) are defined as
d(x, y) = 4x(x − 1)(1 − 2y),

e(x, y) = −4y(y − 1)(1 − 2x)

Equation (1.17) was discretized on a rectangular grid with constant mesh size 1/(M + 1)
in both directions. Using upwind finite differences for the first-order derivatives, the
coefficient matrix becomes a non-symmetric M-matrix. The number of unknowns is M 2 .
In [11] this problem was used as a test problem for a multigrid code. It follows from the
numerical experiments in [11], that it is a difficult problem. This is due to the presence
of a turning point.
The incomplete decompositions of A are denoted by ILUkl, where the parameters k
and l give the sparsity pattern of the factors L and U. For example, if we write ILU23
then L + U has the non-zero pattern as shown in Fig. 1.4. The sparsity pattern of L + U
was always chosen to be symmetric.

Figure 1.4: Sparsity pattern of L + U denoted by ILU23.

In order to demonstrate the effect of the preconditioner, Table 1.1 shows the number
of iteration steps of Bi-CGSTAB combined with ILUkl for various values of k and l.
Only the results of the unmodified ILU-decompositions are shown, because during the
construction of a MILUkl-decomposition small or negative elements on the main diagonal
are generated, which causes the construction of L and U to break down.
Each step of Bi-CGSTAB requires two matrix-vector products with the preconditioned
matrix L−1 AU −1 plus the computation of a number of inner products and vector updates.
The number of flops per unknown for one iteration step is approximately 40 + 8(k + l),
except when the efficient Eisenstat implementation is possible. In that case one step of
Bi-CGSTAB requires only 44 flops per unknown. As a stopping criterion we used
kL−1 (b − AU −1 x̃(n) )k2 < 10−10 kL−1 (b − AU −1 x̃(0) )k2

(1.18)

If all entries causing fill-in additional to that of A are neglected, the resulting ILU11preconditioner is poor. For small values of M, the convergence of Bi-CGSTAB combined
with ILU11 is slow, and for M ≥ 150 we observed that the iteration process stagnates. If
more diagonals are allowed in the ILU-decomposition, the efficiency and robustness of the
method can be improved strongly. Increasing l in the ILUkl-decomposition drastically
reduces the number of iteration steps of Bi-CGSTAB.
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Table 1.1: Number of Bi-CGSTAB iterations when combined with ILUkl.
M
ILU11
ILU12 ILU13 ILU23 ILU14
32
27
15
12
12
9
64
55
32
22
22
17
128
215
79
47
46
36
256 stagnation
284
156
153
87

Increasing k has hardly any effect. In order to understand this, part of the matrix
L + U − I is shown in Fig. ?? for M = 32, and for L and U coming from an ILU24-decomposition. The size of a dot represents the absolute value of the corresponding matrix
entry. The fill-in entries below the sub-diagonal and above the super-diagonal are very
small in absolute value. Such a fill-in entry is formed by the product of an entry near
the lower-most diagonal and one near the upper-most diagonal. Since we use an upwind
discretization of a dominating convective part, one of these entries is likely to be small in
absolute value, and the same holds for their product.
Example 3. Our third example is the discretized steady convection-diffusion equation
−∆u(x, y) + 1000x3

∂
∂
u(x, y) − 1000y 3 u(x, y) = f (x, y)
∂x
∂y

on the square [0, 1] × [0, 1] with Dirichlet boundary conditions everywhere. For the discretization we used a rectangular grid with constant mesh size 1/(M +1) in both directions,
and central differences for all derivatives, resulting in a system of linear equations with
M 2 unknowns. The coefficient matrix is not necessarily an M-matrix, because the meshPéclet numbers can be larger than 2. Since the system is non-symmetric, it was solved
with preconditioned Bi-CGSTAB. Table 1.2 shows the number of iteration steps required
to satisfy the stopping criterion (1.18) for various choices of k and l. The results of
MILUkl-preconditioning cannot be shown, because even for M = 128 the construction of
the incomplete decomposition breaks down due to the generation of small elements on the
main diagonal. Even for small values of M, when the mesh-Péclet number is much larger

Table 1.2: Number of preconditioned Bi-CGSTAB iterations for Example 3.
M ILU11 ILU12 ILU13 ILU23 ILU24
32
30
20
14
10
9
64
40
23
16
14
12
128
69
39
29
24
21
256
164
86
60
54
44

than 2, the construction of the unmodified ILU-decomposition does not break down. The
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number of iteration steps decreases considerably when k and l are increased. However,
one should realize that one iteration step of Bi-CGSTAB combined with ILUkl requires
approximately 40 + 8(k + l) flops per unknown. Thus the work per unknown for one
iteration step increases with k and l. Moreover, for k = l = 1 it is possible to use the
efficient Eisenstat implementation. Therefore, Fig. 1.5 shows the number of flops per unknown against the number of unknowns. From the results of this figure it follows that the

Figure 1.5: Number of flops per unknown for Example 3 on various grids.
ILUkl-decomposition improves when l increases. The ILU13-decomposition is approximately as efficient as the ILU23-preconditioner. The results of ILU24-preconditioning are
not shown in Fig. 1.5, because it appeared that these results are approximately the same
as those of ILU23-preconditioning.
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Conclusions

We have made a comparison between some iterative methods for solving large sparse
systems of linear equations. When the matrix is symmetric and positive definite, the
system of equations can be solved very efficiently with the conjugate gradient method.
The CG method generates a polynomial that is optimal in the sense that the A−weighted
2-norm of the error is minimized over the Krylov subspace. The performance can be
improved considerably by using a (modified) incomplete Choleski-decomposition, leading
to the so-called (M)ICCG-methods. When the coefficient matrix is not symmetric, the
system Ax = b can be solved with CG-like methods like Bi-CGSTAB and GMRES(M).
Some techniques have been demonstrated on a number of test problems, including
problems in which the coefficient matrix stems from the discretization of a steady convection-diffusion equation with dominating convective parts. When the coefficient matrix
stems from the discretization of a Poisson equation, the MIC-decomposition in which
the sparsity pattern of L + LT is taken the same as that of A leads to a very effective
preconditioner. However, when the coefficient matrix stems from the discretization of a
PDE with dominating convective parts, the construction of the MILU-decomposition may
break down.
The last two test problems are examples of a situation in which both the robustness
and efficiency of the preconditioner can be improved by allowing some extra fill-in during
the construction of the incomplete LU-decomposition.

2. Incomplete LU-decompositions for
matrices with arbitrary sparsity patterns
2.1

Introduction

In the previous chapter we have seen that the convergence rate of conjugate gradient-like
methods can strongly be improved by using an incomplete LU-decomposition of A as a
preconditioner. As mentioned in Chapter 1, the sparsity pattern of the factors L and U
can be described by the set P defined by (1.14). The choice of the splitting to be used
is of crucial importance. This is also concluded in [20]: ”The most important conclusion
that emerges again and again is that nothing can replace a good preconditioning.”
Realistic physical problems often involve complicated geometries. If a preprocessor
is used to partition the domain into a number of subdomains, the node numbering can
be very irregular, which causes a very complicated non-zero structure of the coefficient
matrix. We will therefore describe a preconditioning technique which has no restriction
with respect to the sparsity pattern of A. Section 2.2 describes how a matrix with an
arbitrary sparsity pattern can be stored in memory and how to construct an incomplete
LU-decomposition with prescribed sparsity pattern P .
The problem is to find the set P for which the factors L and U are sparse, but also in
such a way that the preconditioner LU resembles A as much as possible. In practice, the
sparsity pattern of L and U is often taken to be the same as that of the original matrix
regardless of the sparsity pattern of A, or of the size of the elements. When the matrix
has a sparsity pattern as shown in Fig. 1.1, we can often construct a better approximation
of A by allowing fill-in not only in the bands shown in this figure, but also in a number
of extra bands [25, 26]. The results of Example 2 in Section 1.5 show that the extra
bands must be chosen in such a way that they contain elements which are relatively large
in absolute value. This suggests that a proper sparsity pattern for the factors L and U
is obtained by allowing only entries which are in absolute value greater than a certain
threshold parameter ε [1, 29]. In other words, all entries which are neglected should be
small in absolute value. In Section 2.3 we describe how the set P can be chosen in such
a way that a splitting (LU, −R) is obtained in which all elements of the residual matrix
R = A − LU satisfy
|rij | < ε for 1 ≤ i, j ≤ N

and

rij = 0 for (i, j) ∈ P

Since L and U are computed dynamically, and their number of non-zero entries depends
on the preset threshold parameter ε, the available storage for an initial choice of ε may
27
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be too small. During the elimination process this has to be checked, and if necessary ε
must be increased.
Section 2.4 describes how symmetry of the matrix can be exploited, and in Section 2.5
some results are presented for the test problems described in Section 1.5, and for a system
of linear equations coming from the finite-element package Sepran.

2.2

Non-symmetric matrices with arbitrary sparsity
patterns

First, the data structure is described to store an N × N-matrix A with arbitrary sparsity
pattern. This involves the use of three arrays: coA[1 . . . NzeroA] contains all the non-zero
entries of A stored row by row, jcoA[1 . . . NzeroA] contains all the column numbers of
these entries, and begA[1 . . . N +1] is an array of pointers: begA[i] gives the address in coA
of the first non-zero entry in row number i of A. The last entry of begA is added to enable
us to point to the last entry in row N of A: this entry is given by coA[begA[N + 1] − 1].
For example, the matrix


A=









a11 0 a13 0
0
a21 a22 a23 0
0
0
0 a33 0
0
a41 0
0 a44 a45
0 a52 0
0 a55

can be represented by the coA, jcoA and begA arrays as










• coA: [a11 , a13 , a21 , a22 , a23 , a33 , a41 , a44 , a45 , a52 , a55 ]
• jcoA: [1, 3, 1, 2, 3, 3, 1, 4, 5, 2, 5]
• begA: [1, 3, 6, 7, 10, 12]
The code for the matrix-vector multiplication b := Ay using this storage scheme is given
by Algorithm 2.1.
Algorithm 2.1. The matrix-vector multiplication b := Ay.
FOR i := 1 TO N DO
BEGIN
b[i] := 0;
FOR v := begA[i] TO begA[i + 1] − 1 DO
b[i] := b[i] + coA[v] × y[jcoA[v]]
END;

The incomplete decomposition is based on Doolittle’s method for constructing a complete LU-decomposition. In this technique, a decomposition A = LU is made in such a
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way that all diagonal elements of L are equal to one. We can rewrite A = LU as
min (i,k)

aik =

X

lij ujk

(2.1)

j=1

This gives the following explicit formulas for lik and uik :
lik = (aik −

k−1
X

lij ujk )/ukk

for i > k

(2.2)

j=1

uik = aik −

i−1
X

lij ujk

j=1

for i ≤ k

(2.3)

Suppose that both L and U are stored in the two-dimensional array {luij |1 ≤ i, j ≤ N},
and luij is equal to aij for 1 ≤ i, j ≤ N. Algorithm 2.2 computes the complete LU-decomposition using (2.2) and (2.3).
Algorithm 2.2. The complete LU-decomposition.
FOR i := 2 TO N DO
{The following statement computes row i of the L/U-array.}
FOR j := 1 TO i − 1 DO
BEGIN
luij := luij /lujj ;
FOR k := j + 1 TO N DO luik := luik − luij × lujk
END;

After this algorithm has been executed, the elements of L and U are stored as
lij = 0 and uij = luij

for i < j

uij = 0 and lij = luij

for j < i

lii = 1 and uii = luii
When making an incomplete LU-decomposition, we again only store the non-zero entries
of L and U. We need another extra help array diLU[1 . . . N] which points to the diagonal
elements of U in the array coLU. Suppose that the non-zero structure P of L and U
is stored in jcoLU and begLU, and luij = aij for (i, j) ∈ P . Algorithm 2.3 calculates
the incomplete decomposition. The boolean variable modif y is f alse for the unmodified
incomplete decomposition, and true for the modified version in which the row sums of
the residual matrix R are equal to zero. The modifications of the main diagonal are
temporarily stored in coLU[0]. The array point[1 . . . N] is an array of integers which
point to the entries in L and U of row i. Before the algorithm starts, all the entries of
point must have been initialised to zero.
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Algorithm 2.3. The incomplete LU-decomposition.
FOR i := 2 TO N DO
BEGIN
{right and di are integer variables which point to the last}
{and the diagonal element of row i respectively.}
right := begLU[i + 1] − 1; di := diLU[i];
{The modifications of the main diagonal are stored in coLU[0].}
coLU[0] := 0;
FOR v := begLU[i] + 1 TO right DO point[jcoLU[v]] := v;
{v points to luij in Algorithm 2.2.}
FOR v := begLU[i] TO di − 1 DO
BEGIN
j := jcoLU[v];
{The next statement is the equivalence of}
{luij := luij /lujj ; in Algorithm 2.2.}
coLU[v] := coLU[v]/coLU[diLU[j]];
{w points to lujk from Algorithm 2.2.}
FOR w := diLU[j] + 1 TO begLU[j + 1] − 1 DO
BEGIN
k := point[jcoLU[w]];
{The next statement is the equivalence of}
{luik := luik − luij × lujk ; in Algorithm 2.2.}
coLU[k] := coLU[k] − coLU[v] × coLU[w]
END {w-loop.}
END; {v-loop.}
IF modif y THEN coLU[di] := coLU[di] + coLU[0];
FOR v := begLU[i] + 1 TO right DO point[jcoLU[v]] := 0
END; {i-loop.}
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2.3

The sparsity pattern based on a drop tolerance

When solving the system Ax = b using the splitting (LU, −R), we consider the system
(LU)−1 Ax = (LU)−1 b. The preconditioned matrix (LU)−1 A has to resemble the identity
matrix I as closely as possible. Since we have that (LU)−1 A = (LU)−1 [LU + R] =
I + (LU)−1 R, the matrix (LU)−1 R should be small in some sense. Theorem 1 states that
(LU)−1 is a proper approximation to A−1 if and only if k(LU)−1 Rk is small for some
matrix norm k k.
Theorem 1 Let (LU, −R) be a splitting of the non-singular N × N-matrix A where R =
A − LU, and the product LU is non-singular. Then
k(LU)−1 Rk
k(LU)−1 − A−1 k
≤
≤ k(LU)−1 Rk
cond(A)
kA−1 k

(2.4)

where cond(A), the condition number of A, is defined as the product of kAk and kA−1 k.
If, in addition, x is the solution of Ax = b, and x̃ satisfies LU x̃ = b, then
kx − x̃k
≤ k(LU)−1 Rk
kxk

(2.5)

Proof: we can rewrite (LU)−1 R as follows.
(LU)−1 R = (LU)−1 (A − LU) = (LU)−1 A − I = [(LU)−1 − A−1 ]A

(2.6)

so that
k(LU)−1 Rk ≤ kA−1 − (LU)−1 kkAk

By dividing the left- and right-hand sides by kA−1 kkAk, one obtains the first inequality
of (2.4). The second inequality follows from equation (2.6).
(LU)−1 R = [(LU)−1 − A−1 ]A

⇐⇒

(LU)−1 RA−1 = (LU)−1 − A−1

=⇒

k(LU)−1 − A−1 k ≤ k(LU)−1 RkkA−1 k

After division by kA−1 k, we obtain the desired inequality. Finally we prove (2.5).
x − x̃ = A−1 b − (LU)−1 b = (A−1 − (LU)−1 )Ax
Together with (2.6) we get x − x̃ = −(LU)−1 Rx. Taking the norm leads to (2.5), which
completes the proof of Theorem 1. 2
The following theorem states that making kRk small will have a positive effect on the
condition number of (LU)−1 A.
Theorem 2 Let (LU, −R) be a splitting of the non-singular matrix A, and kA−1 Rk < 1.
Then the matrix LU is non-singular, and
cond [(LU)−1 A] ≤

1 + kA−1 Rk
1 − kA−1 Rk

(2.7)
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Proof: suppose LUx is equal to the null vector 0. With this we obtain
LUx = 0 ⇐⇒ (A − R)x = 0 ⇐⇒ (I − A−1 R)x = 0
so that
kA−1 Rxk = kxk =⇒ kxk ≤ kA−1 Rkkxk

Together with kA−1 Rk < 1 the last inequality implies that kxk is equal to zero, thus
x = 0. This proves that LU is non-singular. We also have that
cond[(LU)−1 A] = cond[(A − R)−1 A] = cond[(I − A−1 R)−1 ]
= k(I − A−1 R)−1 kkI − A−1 Rk ≤ k(I − A−1 R)−1 k(1 + kA−1 Rk)

By Theorem 7.11 of Atkinson [2], k(I − A−1 R)−1 k ≤ 1/(1 − kA−1 Rk). This completes the
proof of Theorem 2. 2
Theorem 1 and 2 show that it is important that the residual matrix is small in some sense.
In the following, we try to achieve this by making the entries of R small in magnitude.
The set P follows from the construction of a splitting (LU, −R) in which R = A − LU
satisfies
|rij | < ε for 1 ≤ i, j ≤ N
and
rij = 0 for (i, j) ∈ P
(2.8)
Herein ε is a threshold parameter which has to be chosen in advance. When neglecting
the effect of roundoff errors, we make an exact decomposition of the matrix A − R.
The construction of the matrices L and U is as follows. First the matrix is scaled in
such a way that
N
X

j=1

|aij | = 1

for 1 ≤ i ≤ N

(2.9)

Next, the incomplete decomposition is constructed row by row. Given the first i − 1 rows
of L and U, we construct row i of L and U from R = A − LU as
min (i,k)

X

rik = aik −

lij ujk

(2.10)

j=1

Suppose lij has been calculated for j < k. If k < i one obtains from (2.10)
rik + lik ukk = aik −

k−1
X

lij ujk ,

k<i

(2.11)

j=1

If the absolute value of the right-hand side of this equation is less than ε, fill-in on
position (i, k) is neglected; otherwise lik is calculated from (2.11) together with rik = 0.
With lii = 1, uii can be calculated from
uii = aii −

i−1
X

j=1

lij uji

(2.12)
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If k > i one obtains from (2.10) together with lii = 1
rik + uik = aik −

i−1
X

lij ujk ,

k>i

(2.13)

j=1

If the absolute value of the right-hand side of (2.13) is greater than or equal to ε, we
demand rik to be zero; otherwise fill-in on position (i, k) is neglected.
Note that if we want to make a modified incomplete decomposition, the fill-in entries
which are neglected in the above algorithm must be added to the main diagonal.

2.4

Symmetric matrices with general sparsity pattern

When the coefficient matrix A is sparse and symmetric, it is possible to exploit both the
sparsity and the symmetry. To store A we again need three arrays coA, jcoA and diA.
The integer array diA[0 . . . N] points to the diagonal elements of the matrix. The first
entry of diA is used to point to the first entry of the first row: this entry is given by
coA[diA[0] + 1]. For example, the symmetric matrix

A=

is stored as










a11 a21 0 a41 0
a21 a22 0
0 a52
0
0 a33 0
0
a41 0
0 a44 a54
0 a52 0 a54 a55










• coA: [a11 , a21 , a22 , a33 , a41 , a44 , a52 , a54 , a55 ]
• jcoA: [1, 1, 2, 3, 1, 4, 2, 4, 5]
• diA: [0, 1, 3, 4, 6, 9]
The storage requirements for both A and the incomplete decomposition can roughly be
halved compared with the non-symmetric case. In order to demonstrate how this storage scheme works, Algorithm 2.4 gives the matrix-vector multiplication b := Ay for a
symmetric matrix A.
Following the technique described in Section 2.3, we can make a splitting (LDLT , −R)
in which R = A − LDLT again satisfies (2.8). Suppose that rows 1 . . . i − 1 of L and D
have been constructed, thus for k < i the elements lkj , 1 ≤ j < k and dkk are known.
Then row i of L and D can be constructed from
rik = aik −

k
X

j=1

lij djj lkj

for k ≤ i

(2.14)

The CPU-time required for this symmetric decomposition is roughly half the time needed
for the incomplete LU-decomposition for non-symmetric matrices.
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Algorithm 2.4. The matrix-vector multiplication b := Ay using the
symmetric storage scheme for A.
FOR i := 1 TO N DO
BEGIN
b[i] := coA[diA[i]] × y[i];
FOR v := diA[i − 1] + 1 TO diA[i] − 1 DO
BEGIN
b[i] := b[i] + coA[v] × y[jcoA[v]];
b[jcoA[v]] := b[jcoA[v]] + coA[v] × y[i]
END
END;

2.5

Numerical results

The techniques described in Section 2.3 have been developed for matrices with an arbitrary sparsity pattern. Hence when A has a banded sparsity pattern as shown in Fig. 1.1,
these methods are not as efficient as the special purpose methods of Chapter 1. However,
the difference in efficiency is not very large. In order to demonstrate this, the first three
examples are the same as in Section 1.5. We used the same discretization and stopping
criteria as in Section 1.5 for these examples. The last example demonstrates that the
techniques described in this chapter can be used, even when the sparsity pattern of the
coefficient matrix is very irregular. When the sparsity pattern of the factors L and U was
chosen in such a way that all elements of the residual matrix are in absolute value smaller
than ε, this is indicated with (M)ILU(ε) in the non-symmetric case, and with (M)IC(ε)
in the symmetric case. All computations were performed in double precision arithmetic
on an HP-720 workstation. In all examples the main diagonals of both L and U were
scaled to unity, thus saving N multiplications each time the preconditioner is applied.
Example 1. This is the Poisson-model problem described in Section 1.5 with Neumann
boundary conditions everywhere. The Poisson equation was discretized over a rectangular M × M-grid with constant mesh size 1/(M − 1), leading to a symmetric system of
linear equations with M 2 unknowns. Fig. 2.1 shows the results of the conjugate gradient
method combined with MIC(ε)-preconditioning for various choices of ε. For comparison,
this figure also shows the results of the standard MIC-decomposition of Section 1.4, in
which the sparsity pattern of L + LT is the same as that of A. From these results we
conclude that the preconditioning technique of Section 2.3 is almost as efficient as standard MICCG combined with the efficient Eisenstat implementation. Note that the latter
implementation can only be applied to matrices with a banded sparsity pattern.
The choice of the parameter ε is not very critical for the CPU-time required for the
iteration process. This is illustrated by the results of the fourth column of Table 2.1,
which show the CPU-times in seconds for the iteration process for M = 256, and for
various choices of ε. Table 2.1 also lists the number of iteration steps and the number of
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Figure 2.1: Results of MICCG(ε) for Example 1 for various choices of ε.
non-zero entries in L divided by the number of unknowns. The fifth column shows the
CPU-time required for the construction of the incomplete decomposition, and the last
column shows the number of flops per unknown necessary for the iteration process. The

Table 2.1: Numerical results for MICCG(ε) for Example 1 with M = 256.
# it. # nonz/row CPU-time it. CPU-time prec. flops/unknown
ε = 0.1
81
4.0
32.1
1.5
2511
ε = 0.02
69
5.0
31.3
1.8
2415
ε = 0.01
58
7.0
32.0
3.0
2494
ε = 0.002
41
13.8
32.7
6.9
2878

number of CG iteration steps decreases with decreasing ε, but for small ε one iteration
step becomes relatively expensive. Consequently, the number of flops per unknown varies
only slightly with ε.
Example 2. The second test problem is the same as Example 2 of Chapter 1. For
convenience, the partial differential equation has been written down below once again.
−10−5 ∆u(x, y) + d(x, y)

∂
∂
u(x, y) + e(x, y) u(x, y) = 0
∂x
∂y
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Herein
d(x, y) = 4x(x − 1)(1 − 2y), and

e(x, y) = −4y(y − 1)(1 − 2x)

This PDE was discretized on a rectangular grid with constant mesh size 1/(M +1) in both
directions. Using upwind finite differences for the first-order derivatives, the coefficient
matrix becomes a non-symmetric M-matrix. Fig 2.2 shows the results of Bi-CGSTAB
combined with ILU(ε)-preconditioning for several choices of ε.

Figure 2.2: Numerical results of ILU(ε)-preconditioning for Example 2.
From the results we conclude that for this linear system, decreasing ε gives much
better incomplete decompositions, although the computer storage needed for the factors
L and U increases: for M = 256 and ε = 0.001, we observed that the average number of
non-zero entries in one row of L + U is 24.6, and the preconditioned system of equations
requires 19 iteration steps of Bi-CGSTAB to fulfil the stopping criterion.
In Section 1.5, it appeared to be advantageous to increase l in the ILUkl-decomposition. Thus allowing more fill-in in the neighbourhood of the outer-most diagonals reduces
the number of Bi-CGSTAB iteration steps very effectively. The incomplete LU-decomposition based on a drop tolerance automatically gives more fill-in in this area. This is
illustrated by Fig. ??, which shows a part of the matrix L + U − I for M = 32 and
ε = 0.01.
Example 3. The third test problem is the same as Example 3 of Chapter 1. It concerns
the solution of the PDE
∂
∂
−∆u(x, y) + 1000x3 u(x, y) − 1000y 3 u(x, y) = f (x, y)
∂x
∂y
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on the square [0, 1] × [0, 1] with Dirichlet boundary conditions. The discretization is
described in Section 1.5. The system of linear equations was solved with Bi-CGSTAB
combined with ILU(ε) as a preconditioner. The results of modified incomplete decompositions cannot be shown, because the construction of L and U breaks down if the
modifications of the diagonal are performed.
Table 2.2 shows the numerical results for M = 256. The second column shows the
number of iteration steps of Bi-CGSTAB, and the third column presents the average
number of entries in L + U per row. This number increases when ε decreases, but the
number of iteration steps decreases very strongly. As a result, the number of flops per
unknown required for Bi-CGSTAB decreases considerably, which is shown in the last
column of Table 2.2. A drawback of choosing ε small is of course that computer storage

Table 2.2: Numerical results for ILU(ε) for Example 3 with M = 256.
# it. # nonz/row CPU-time it. CPU-time prec. flops/unknown
ε = 0.1
105
5.9
109
2.05
6258
ε = 0.01
42
11.6
59.4
3.1
3461
ε = 0.001
14
29.0
36.5
10.2
2128

demands are relatively high. In Chapter 6 we will describe a very effective preconditioning
technique, which does not require a large amount of storage.
Fig. 2.3 shows the 10-logarithm of the Euclidean norm of the residual b − Ax(n) versus
the number of flops per unknown for various choices of ε. From these results it follows
that decreasing ε reduces the work per unknown considerably. For small ε the convergence
behaviour is relatively smooth.
Example 4. The next example concerns the solution of a system of linear equations
in which the coefficient matrix has a very irregular sparsity pattern coming from an
unstructured grid. The linear system comes from a finite-element discretization of the
PDE
∂
∂
−∆u(x, y) + x u(x, y) + y u(x, y) = 0
∂x
∂y
We consider two different meshes leading to 2589 and 6765 unknowns. The domain
under consideration together with the boundary conditions and the coarsest mesh are
shown in Fig. ??. The finest mesh was obtained after a refinement of the coarsest mesh.
The discretization was performed with the finite-element package Sepran using quadratic
isoparametric triangles. Part of the coefficient matrix arising after the discretization on
the coarsest mesh is shown in Fig. ??. The sparsity pattern is very irregular, and the
number of entries in each row of A is larger than in the previous examples. Table 2.3
shows the numerical results of Bi-CGSTAB combined with MILU(0.001)-preconditioning.
As a stopping criterion we used
kL−1 (b − AU −1 x̃(n) )k2 < 10−8 kL−1 (b − AU −1 x̃(0) )k2
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Figure 2.3: Convergence behaviour of Bi-CGSTAB for Example 3.
The last two columns in this table show the CPU-time measured in seconds for the
iteration process and for the construction of the factors L and U. For comparison, it

Table 2.3: Numerical results for Example 4.
# unknowns # it. # nonz/row CPU-time it. CPU-time prec.
2589
8
27
0.69
0.29
6765
13
29
2.70
0.80

is interesting to mention that the direct solver of Sepran needed 1.71 seconds for the
smallest system, and 11.17 seconds for the largest system of linear equations. The CPUtime needed for the construction of the preconditioner grows linearly with the number of
entries in L + U. It appears that Bi-CGSTAB combined with MILU(ε)-preconditioning
can exploit very well even the irregular sparsity pattern of the coefficient matrix.

2.6

Conclusions

In Section 2.2 methods have been described to construct preconditioners for non-symmetric M-matrices with an arbitrary sparsity pattern. This allows the use of complicated
geometries and an irregular node numbering. Even in many cases when A is not an Mmatrix, one can obtain proper preconditioners with the methods described in Section 2.2.
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It is then necessary to take measures in order to prevent the construction of the incomplete
decomposition from breaking down due to the generation of small or negative diagonal
elements. Methods in which the sparsity pattern of L and U is based on a threshold
parameter give excellent preconditioners, and the CPU-time required for the construction
of the incomplete decomposition is small compared with the time needed for the iteration
process. From the numerical experiments we conclude that the CPU-time required for
the incomplete decomposition grows linearly with the number of non-zero entries.
If the coefficient matrix is symmetric, it is possible to exploit this symmetry, even
when the sparsity pattern is very irregular. The CPU-time for the construction of the
preconditioner can roughly be halved, and the storage requirements for both A and the
incomplete decomposition can be lowered.
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3. Preconditioning techniques for
non-symmetric matrices with application to
temperature calculations of cooled concrete
3.1

Introduction

In this chapter we describe a model for the computation of the temperature distribution
in a large block of concrete. During the hydration process the temperature rises to such a
level that serious damage to the construction can occur due to expansion. Therefore, extra
cooling is necessary during the hardening process. The model leads to a non-stationary
partial differential equation for the temperature distribution. In order to solve this PDE,
a system of linear equations has to be solved several times, in which the largest part of
the coefficient matrix is a symmetric M-matrix with a regular sparsity pattern as shown
in Fig. 3.1. As will be explained in Section 3.2, a relatively small part of the matrix has

Figure 3.1: Sparsity pattern for a seven-point finite-difference operator over a rectangular
grid.

an irregular sparsity pattern due to some special boundary conditions arising from the
extra cooling of the concrete.
When the geometry of the block of concrete is complex, the computation of the temperature distribution requires the solution of linear systems in which the sparsity pattern
of the coefficient matrix is irregular. Therefore, we consider some methods to construct
an incomplete LU-decomposition in which no restriction is made with respect to the nonzero structure. In the previous chapter we have shown how to construct an incomplete
LU-decomposition with a prescribed sparsity pattern P defined by (1.14). When the
sparsity pattern of A is irregular, there are several possibilities for a proper construction
of the set P . Gustafsson proposed the following. First consider the standard incomplete
LU-decomposition, i.e. P = {(i, j)|aij 6= 0}. Then extend P with positions (i, j) where
the product LU has non-zero elements, and eventually repeat this a few more times [17].
This technique has been tested extensively by Langtangen [23].
Another approach determines the elements in P during the elimination. P is described
implicitly by allowing only entries which are in absolute value greater than a certain drop
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tolerance [1, 29]. The incomplete LU-decomposition based on a drop tolerance has been
described in more detail in Section 2.3.
In Section 3.2 the model of the hardening of concrete is described, and in Section 3.3
we describe how to construct a preconditioner which takes advantage of the symmetry
and the banded non-zero pattern of the major part of A. Section 3.4 compares some
choices of the set P , using the concrete cooling problem of Section 3.2 as a test problem.
The fact that no restriction is made with respect to the sparsity pattern of A enables us
to perform a renumbering of the unknowns. In Section 3.5 this renumbering is chosen in
such a way that a large part of the unknowns can be eliminated in advance.

3.2

The hardening of concrete

As a numerical example, we choose the simulation of the temperature distribution in a
large rectangular block of concrete. During the hardening of the concrete a substantial
amount of heat is produced. When the volume of the block is large in comparison with
its surface, the heat exchange between the concrete and air is not sufficient to keep the
temperature below a critical level. This can lead to cracks at vital places, so that cooling
is necessary during the hardening process. Therefore, cooling water is pumped through
pipes which lie inside the concrete. Spijkstra [40] and van Diepen [51] have done research
on the simulation of the temperature distribution in such a cooled block of concrete. They
considered a block as shown in Fig. 3.2. The plane y = 0.4 contains one cooling pipe which

Figure 3.2: The concrete block with cooling pipes. The dimensions are given in meters.

is folded eight times as shown in Fig. 3.2. The cooling pipe can contain 10 litre of water.
At the bottom of the block of concrete, 500 litre of cooling water per hour is pumped
into the cooling pipe. The plane y = 0.4 is a symmetry plane, so that we only have to
consider the part 0 ≤ y ≤ 0.4. The temperature Tc in the concrete obeys the following
heat-conduction equation
−div(λ grad Tc ) + ρc

∂
Tc = q
∂t

(3.1)

where λ is the thermal conductivity, ρ is the density, and c is the specific heat. The
generation of heat per second for a unit volume due to the hydration process is given by
the temperature-dependent function q. At z = 0 and z = 5.15 the block is completely
isolated leading to the Neumann boundary condition ∂Tc /∂n = 0. At the symmetry plane
y = 0.4 we have the same boundary condition. The cooling of the concrete at the cooling
pipes is described by the following Robin boundary condition
−λ

∂Tc
= αcw (Tc − Tcw )
∂n
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The temperature of the cooling water is given by Tcw , and αcw is the transfer coefficient
between the concrete and the cooling water. At all the other boundaries the heat exchange
between air and the concrete is described by a similar boundary condition
∂Tc
= αa (Tc − Ta )
∂n
with Ta the prescribed air temperature, and αa the transfer coefficient between the concrete and air.
Suppose that ξ represents a position along the cooling pipe. In [40] it is shown that
the temperature of the cooling water at ξ can be calculated from the following equation
−λ

Tcw (ξ) =

Z

0

ξ

2πr[Tc (s) − Tcw (s)]αcw
ds + Tcw (0)
ρw cw Sp v

(3.2)

where cw is the specific heat of water, ρw is the density, Sp and r represent the surface
and the radius respectively of the cross section of the cooling pipe, and v is the velocity
of the cooling water in the pipe.
At the beginning of the hardening process (t = 0), a uniform temperature distribution
(n)
of 20 o C is assumed in the concrete, and Tcw (0) is set to 5 o C. Suppose that Tc(n) and Tcw
represent the temperature of the concrete and cooling water respectively after a certain
time t = tn . For the discretization in time of (3.1) we use the backward-Euler scheme
given by
Tc(n+1) − Tc(n)
(n+1)
−div(λ grad Tc
) + ρc
= q (n)
∆t
The first term in the left-hand side is discretized using a standard seven-point centraldifference scheme. We use an equidistant grid in the x− and z−direction with mesh size
hx = 5.5 meter and hz = 0.05 meter, respectively. The mesh size in the x−direction can
be relatively large, because the temperatures vary only very little in this direction. In the
y−direction we use a non-uniform grid in which the mesh size varies as
25 50

75

100

75

50 25

10−3m
æ

Suppose ξ1 and ξ2 represent two successive points at the cooling pipe. Equation (3.2) is
discretized according to the trapezoidal rule as
(n+1)
(n+1)
(n+1)
(n+1)
Tcw
(ξ2 ) − Tcw
(ξ1 )
πrαcw [Tc(n+1) (ξ2 ) − Tcw
(ξ2 ) + Tc(n+1) (ξ1 ) − Tcw
(ξ1 )]
=
ξ2 − ξ1
ρw cw Sp v

Suppose that Xc(n+1) is the vector with components equal to Tc(n+1) in the grid points,
(n+1)
(n+1)
and the components of Xcw
give the temperature of the cooling water Tcw
at the
discretization points of the cooling pipes. After discretization one obtains the following
(n+1)
system of linear equations for the unknowns Xc(n+1) and Xcw
, in which the coefficient
matrix is a non-symmetric M-matrix.
"

A11 A12
A21 A22

#"

Xc(n+1)
(n+1)
Xcw

#

=

"

B1
B2

#

(3.3)
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Herein B1 and B2 are both known vectors, and A11 is a large symmetric M-matrix with
a sparsity pattern as shown in Fig. 3.1, and with dimensions 4160 × 4160. The block A12
has dimensions 4160 × 45, and it has the following block structure
0
 . 
 .. 









0 
H12

(3.4)



where the block H12 has dimensions 520 × 45. The block A21 has the block structure
h

0 · · · 0 H21

i

where H21 is a 45 × 520 block. The sparsity pattern of H12 and H21 is very irregular, and
T
H12 6= H21
. The block A22 is a non-symmetric matrix with dimensions 45 × 45.
At every time step we have to solve a system of linear equations as described above.

3.3

A special-purpose method

In reference [25] and [26] one can find how to construct by incomplete Choleski decomposition a very effective preconditioner for A11 . Suppose that LLT is such an incomplete
decomposition of A11 . Then the following matrix will be used as a preconditioner for A:
"

LLT A12
A21 A22

#

=

"

L
0
A21 L−T A22 − A21 L−T L−1 A12

#"

LT L−1 A12
0
I

#

(3.5)

The incomplete decompositions of A11 are denoted by ICklm, where the parameters k, l
and m give the sparsity pattern of the factor L. For example, if we write IC213 then LT
has the non-zero pattern as shown in Fig. 3.3. Similarly, MICklm denotes the modified
incomplete Choleski decomposition of A11 , in which the diagonal is modified as described
in Section 1.4.

3

1
2
æ
Figure 3.3: Incomplete factor LT denoted by IC213.
To compute column k of A21 L−T L−1 A12 , we first compute the corresponding column
of L−1 A12 . From the block structure of A12 , which is shown in (3.4), it is obvious that
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only the last 520 entries can be non-zero. In order to be able to compute column k of
A21 L−T L−1 A12 , we then calculate the last 520 entries of column k of L−T L−1 A12 . Once
these entries are calculated, column k of A21 L−T L−1 A12 can be calculated very rapidly,
because the block H21 in A21 is extremely sparse. We also need the complete LU-decomposition of A21 L−T L−1 A12 . This is no problem, because the dimensions of this block are
45 × 45, which is very small compared with the dimensions of A.
The preconditioners combined with Bi-CGSTAB are demonstrated using the concrete
cooling problem of Section 3.2 as a test problem. The temperature distribution in the
block of concrete and the cooling water has been calculated after one time step of 3 hours.
The results are compared with SOR and SLOR. The iteration processes of the latter two
were stopped when
kx(k+1) − x(k) k∞ < 10−6 kbk∞
When SOR or SLOR is used, it appears to be advantageous to use a much smaller relaxation parameter for the water temperatures than for the temperatures in the concrete.
Only results with the best choices of these parameters we could find are shown. Preconditioned Bi-CGSTAB was stopped when
kC −1 b − C −1 Ax(k) k∞ < 10−6 kC −1 bk∞
The results are summarised in Table 3.1. The third column gives the norm of the relative
residual
kC −1 b − C −1 Ax(k) k∞
kC −1 bk∞

at the end of the iteration process. The last column gives the CPU-time needed for the
construction of the preconditioner, including the computation of the complete LU-decomposition of A22 − A21 L−T L−1 A12 . The computations were performed on both an Olivetti
PC XP1 with both an Intel 80386 processor and an 80387 as numeric coprocessor, and
on a CONVEX C2 of which we used only one processor. CPU-times measured on these
machines are given in seconds. The number of flops per unknown for one iteration step
of Bi-CGSTAB combined with (M)ICklm is approximately 48 + 8(k + l + m). Since A11
has a banded non-zero pattern, its entries can be stored in four arrays. The matrix-vector
multiplication vectorizes very well on the CONVEX, because the non-zero entries of A11
can be addressed directly in this way. With a proper preconditioner, Bi-CGSTAB converges very rapidly, despite the irregular sparsity pattern and non-symmetry of a small
part of the matrix. For this problem Bi-CGSTAB is considerably faster than SOR and
SLOR. Moreover, S(L)OR has as drawback that it requires the choice of two relaxation
parameters, whereas preconditioned Bi-CGSTAB does not require these sort of parameters. There is no difference in the rate of convergence between IC101 and IC111. This
is caused by the fact that the mesh size in the x−direction is very large compared with
the mesh sizes in the other directions. As a consequence, the coupling in the x−direction
is very weak, and the corresponding band of A contains elements which are very small
in absolute value. Table 3.1 shows that MICklm performs better than ICklm, especially
when not many non-zero entries are allowed in the factor L.
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Table 3.1: S(L)OR in comparison with preconditioned
Method/
Number of Relative
Time for
preconditioner iterations
residual
iteration
PC CONVEX
−7
SOR
49
7.1 × 10
28.0
1.30
−7
SLOR
41
8.2 × 10
27.7
1.29
IC111
9
5.9 × 10−7 27.3
0.77
−7
IC101
9
5.9 × 10
24.7
0.61
−7
MIC101
6
1.6 × 10
17.2
0.44
IC102
5
2.9 × 10−7 15.6
0.42
−8
MIC102
4
4.8 × 10
12.9
0.35
−7
IC103
4
4.5 × 10
13.6
0.40
MIC103
3
3.3 × 10−7 10.8
0.32
−7
IC203
3
7.2 × 10
11.5
0.39
−7
MIC203
2
8.2 × 10
8.6
0.30
IC204
3
1.7 × 10−7 12.0
0.45
−7
MIC204
2
2.3 × 10
9.0
0.34

Bi-CGSTAB.
Time for
preconditioning
PC CONVEX

0.71
0.55
0.71
0.93
0.99
1.15
1.32
1.54
1.70
1.87
2.20

0.022
0.019
0.025
0.028
0.033
0.038
0.045
0.050
0.060
0.060
0.072

The preconditioning technique described in this section is no longer efficient when the
part with an irregular sparsity pattern becomes too large, because in that case, the LUdecomposition of A22 − A21 L−T L−1 A12 becomes very time-consuming. In the next section
some techniques are described that can be used for the preconditioning of non-symmetric
matrices with an irregular sparsity pattern.
The calculated temperature distribution.
It appears that the temperature of the concrete reaches a maximum value after approximately 15 hours. The calculated temperature distribution in the symmetry plane y = 0.4
is shown in Fig. 3.4. The brightness corresponds to the temperature in degrees o C as
shown in the left-most picture. As can be expected, at the bottom of the block the cooling is very effective, because the temperature of the cooling water is relatively low in this
area. The highest level of the temperature is reached at the upper surface of the block.

3.4

Comparison of some sparsity patterns of L + U

In this section three different choices for the sparsity pattern of L + U are compared
with each other. The numerical results will show that the methods of this section are
not as efficient as the special-purpose method of Section 3.3, which is due to the fact
that no assumption is made about the non-zero pattern of A. Hence they can be used,
for example, when the geometry of the block of concrete is more irregular, or when the
number of cooling pipes increases.
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Figure 3.4: The temperature distribution in the plane y = 0.4 after 15 hours.
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(i) Using the sparsity pattern of Am .
Suppose that the main diagonal of A is scaled to one. Since A is strictly diagonally
dominant, the spectral radius of the Jacobi matrix I − A is less than 1. Hence the
geometric series
A−1 = [I − (I − A)]−1 = I + (I − A) + (I − A)2 + (I − A)3 + . . .
converges. From this expression we learn that its truncation to m terms has a sparsity
pattern equal to that of Am . This suggests the following choice for the set P :
Pm = {(i, k)|(Am )ik 6= 0}

It is possible to determine this set without actually computing Am : for given i, the set
{k|(i, k) ∈ Pm } can be obtained without having to perform multiplications. Row i of L
and U is calculated according to Algorithm 2.3, after the set {k|(i, k) ∈ Pm } has been
determined. Only those (i, k) ∈ Pm for which luik 6= 0 are added to the set P .
(ii) ILU(l)-decomposition.
This technique has been suggested by Gustafsson [17] and extensively tested by Langtangen [23]. An incomplete decomposition ILU(l) is constructed as follows. ILU(0) is the
incomplete LU-decomposition with the same sparsity pattern as that of A. Suppose Pl−1
gives the sparsity pattern of ILU(l − 1), and L and U are the lower- and upper-triangular
matrices at level l − 1. Pl is then defined by the sparsity pattern of the matrix product
LU (this can be determined without multiplications).
(iii) ILU(ε)-decomposition.
This is the technique which is described in Section 2.3, in which the set P is chosen in
such a way that one obtains a splitting (LU, −R) in which R = A − LU satisfies
|rij | < ε, for 1 ≤ i, j ≤ N

and

rij = 0 for (i, j) ∈ P

(3.6)

The techniques (i) and (ii) do not use the size of the elements of A. When A is not
ill-conditioned, we can improve the preconditioner in the following way. First, the matrix
is scaled in such a way that
N
X

j=1

|aij | = 1, for 1 ≤ i ≤ N

(3.7)

Then those pairs (i, j) for which |aij | is small can be neglected during the construction of
the set P as described under (i) or (ii). This idea appeared to be successful for the problem
described in Section 3.2. However, neglecting elements which are small in absolute value
can be dangerous when A is ill-conditioned, because in that case, neglecting such entries
can strongly influence the spectrum of the matrix.
We have used the methods described under (i)-(iii) to construct an incomplete LU-decomposition for the coefficient matrix in (3.3). The dimension of this matrix is 4205, and
the number of non-zero entries is 26542.
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Table 3.2 shows the results obtained with a preconditioner which has the sparsity
pattern of Am . The second column shows how the average number of non-zero entries
per row in L + U varies with the parameter m. The third column shows how many
iteration steps were needed to make kC −1 b − C −1 Ax(k) k∞ smaller than 10−6 kC −1 bk∞ ,
and the fourth column shows an estimate of the number of flops per unknown necessary
for Bi-CGSTAB. The work necessary for the construction of the preconditioner is not
included in this number, because it appeared possible to use the same preconditioner
during several time steps, and the CPU-time for the iteration process is therefore more
important than the CPU-time needed for the incomplete decomposition. The last column
gives the CPU-time needed for finding the non-zero pattern of L and U plus the time
needed for the computation of the entries of L and U. Again these CPU-times are given
in seconds and measured on both an Olivetti PC XP1 and a CONVEX C2. Note that
no effort is made in this chapter to construct computer programs that vectorize on the
latter. The matrix-vector multiplication, for example, does not vectorize because we use
indirect addressing for the non-zero entries of A.

m
1
2
3

Table 3.2: Non-zero pattern of L and U is the same as that of Am .
Number of
Number
Number of
Time for Time for ILUentries/unknown of iter. flops/unknown iteration decomposition
6.3
9
620
35.4 1.86 3.6
0.24
11
6
530
30.3 1.69 18.6
1.29
26
5
730
41.9 2.59 56.4
3.99

The results of Table 3.2 show that the number of non-zero entries increases strongly
when m increases from 2 to 3, but the number of Bi-CGSTAB iteration steps decreases
only slightly. As a result, the number of flops/unknown necessary for the iteration process
increases, and it is therefore not practical to choose a larger value for m than 2. The last
column shows that the CPU-time needed for the construction of the factors L and U
increases strongly with m.
Tables 3.3 and 3.4 show the corresponding results of ILU(l)- and ILU(ε)-decomposition, respectively. The second row of Table 3.3 shows similar results as the second

Table 3.3: ILU(l)-preconditioning.
l
Number of
Number
Number of
Time for Time for ILUentries/unknown of iter. flops/unknown iteration decomposition
0
6.3
9
620
35.4 1.86 3.6
0.24
1
11
6
530
30.3 1.69 9.6
0.63
2
19
5
610
34.6 2.06 22.8
1.51

row of Table 3.2, although the CPU-time needed for the incomplete decomposition is less

50

Chapter 3

Table 3.4: ILU(ε)-preconditioning.
ε
Number of
Number
Number of
Time for
entries/unknown of iter. flops/unknown iteration
0.1
4.5
9
550
31.9 1.60
0.05
6.1
6
410
23.8 1.25
0.01
8.4
5
390
22.7 1.24
0.005
11.4
3
280
16.4 0.93

Time for ILUdecomposition
2.7
0.14
3.4
0.19
5.1
0.29
7.7
0.44

than in Table 3.2. This is due to the fact that determining the sparsity pattern of Am
is relatively expensive. With ILU(l)-preconditioning, the number of flops per unknown
increases when l increases from 1 to 2. Hence it is impractical to choose l larger than 1.
Table 3.4 shows that when ε decreases, the number of iteration steps reduces strongly,
and although the number of non-zero entries in L + U increases, the total amount of
work necessary for preconditioned Bi-CGSTAB is lowered, which is demonstrated by the
column that shows the number of flops per unknown. Comparing the CPU-times listed
in Tables 3.3 and 3.2 with those of Table 3.4 leads to the conclusion that, for this type of
problem, the use of a threshold parameter leads to the best preconditioners. This can be
explained by the fact that the methods described under (i) and (ii) do not take the size
of the elements of A into account.
From the difference between ICklm and MICklm shown in Table 3.1, it follows that
the preconditioner can be improved by forcing the row sums of the residual matrix R
to be zero. Therefore, Tables 3.5 and 3.6 give the results of MILU(l)- and MILU(ε)preconditioning, respectively. Note that the sparsity pattern of L and U coming from a
MILU(ε)-decomposition can be different from that of L and U coming from an ILU(ε)-decomposition. This is caused by the fact that the sparsity pattern is based on the absolute
value of the entries in the residual matrix, and adding fill-in to the diagonal can influence
the size of these entries.

Table 3.5: MILU(l)-preconditioning.
l
Number of
Number
Number of
Time for Time for ILUentries/unknown of iter. flops/unknown iteration decomposition
0
6.3
7
480
27.6 1.48 3.9
0.29
1
11
4
360
20.8 1.13 10.9
0.72
2
19
4
500
28.6 1.56 27.1
1.74

From Table 3.5 we see again that it is impractical to choose the parameter l in the
MILU(l)-decomposition larger than 1. The results of Table 3.6 again show that when ε
decreases, the number of iteration steps reduces strongly, and the total amount of work
necessary for preconditioned Bi-CGSTAB is lowered.
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Table 3.6: MILU(ε)-preconditioning.
Number of
Number
Number of
Time for
entries/unknown of iter. flops/unknown iteration
0.1
4.7
8
500
28.8 1.44
0.05
6.3
6
420
24.1 1.25
0.01
9.0
4
330
19.0 1.04
0.005
11.6
3
290
16.5 0.92
ε

Time for ILUdecomposition
3.0
0.16
3.8
0.21
6.0
0.33
8.2
0.47

Comparing Tables 3.5 and 3.6 with Tables 3.3 and 3.4 respectively shows that the
modification of the main diagonal can slightly decrease the number of iteration steps.
However, the difference between the modified and unmodified decompositions is smaller
than the difference between ICklm and MICklm in Table 3.1.

3.5

Renumbering and eliminating unknowns

In this section a renumbering of the unknowns is introduced in such a way that the matrix
has the block structure
"
#
D A12
(3.8)
A21 A22
where D is a diagonal matrix with dimension as large as possible. When the coefficient
matrix arises from a standard seven-point discretization of a Poisson equation, one can use
a checkerboard ordering to obtain a system of the form (3.8). In this section, we describe
an algorithm that can be used in the more general case in which the sparsity pattern is
irregular. Suppose new is a permutation vector which gives the new ordering which leads
to the block structure (3.8). Given the non-zero structure of A, this permutation vector
can be calculated fully automatically from Algorithm 3.1. Herein f ix1 and f ix2 are two
boolean help arrays. These are initialized in such a way that f ix1[i] = f ix2[i] = f alse
for 1 ≤ i ≤ N. The CPU-time necessary for the renumbering is very small as compared
with the time needed for solving the system.
After the renumbering is performed, the vector x is split into two parts x1 and x2 in
such a way that x1 can be eliminated. The system Ax = b can then be written as
x1 = D −1 (b1 − A12 x2 )

(3.9)

(A22 − A21 D −1 A12 )x2 = b2 − A21 D −1 b1

(3.10)

Solving these equations only requires the iterative solution of (3.10), which has the advantage that during an iterative procedure like Bi-CGSTAB, the vectors which have to
be stored in memory can be much shorter. Applying Algorithm 2.3 to the matrix (3.8)
automatically gives an incomplete decomposition of the block A22 − A21 D −1 A12 in the
lower-right corner. Hence one can obtain a proper preconditioner for this block without
actually computing the matrix product A21 D −1 A12 .
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Algorithm 3.1. The renumbering necessary to obtain the block structure (3.8).
{First all components which are not directly related}
{to each other are numbered.}
count := 0;
FOR k := 1 TO N DO
BEGIN
check := f ix1[k];
FOR v := begA[k] TO begA[k + 1] − 1 DO
check := check or f ix2[jcoA[v]];
IF not(check) THEN
BEGIN
count := count + 1; new[k] := count; f ix2[k] := true;
FOR v := begA[k] TO begA[k + 1] − 1 DO f ix1[jcoA[v]] := true
END
END; {k-loop}
{The dimension of the diagonal block D in (3.8) is given by block.}
block := count;
{Now the rest of the components can be numbered.}
FOR k := 1 TO N DO IF not[f ix2[k]] THEN
BEGIN
count := count + 1; new[k] := count
END; {k-loop}

Table 3.7 shows the results which were obtained by applying this technique to the
concrete cooling problem. It appeared that 2087 unknowns can be eliminated in advance,
so that the dimension of the block A22 − A21 D −1 A12 is 2118. The sparsity pattern of this
block is much more irregular than the banded structure shown in Fig. 3.1. The last column
shows the CPU-time required for the construction and incomplete decomposition of this
block. The fifth column shows the time needed for the iteration process applied to (3.10)
plus the time for the computation of x1 from (3.9). Only the results of preconditioning
techniques without Gustafsson’s modification are reported here, because making the row
sums of R equal to zero does not reduce the number of Bi-CGSTAB iteration steps. This is
in agreement with the observations made by Langtangen [23], who concluded that MILUdecomposition can be inferior to ILU-decomposition for linear systems with complicated
sparsity patterns.
Note that the number of rows is approximately halved, and since the number of entries
per row is about the same as in Table 3.4, the storage requirements for the preconditioner
are reduced considerably. The irregular sparsity pattern of the block A22 − A21 D −1 A12
forms no problem for the construction of an ILU(ε)-decomposition as described in Chapter 2. From the results of Table 3.7 we conclude that decreasing ε reduces the number of
Bi-CGSTAB iteration steps considerably. Further, elimination of unknowns as described
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Table 3.7: Elimination of unknowns.
ε
Number of
Number
Number
Time for Time for ILUentries/unknown of iter. flops/unknown iteration decomposition
0.05
6.4
6
290
18.0 1.10 4.5
0.25
0.01
9.4
3
180
11.0 0.68 5.9
0.34
0.005
10.2
3
180
11.3 0.70 6.3
0.36
0.001
16.2
2
160
9.8 0.61 10.0
0.57

above can be very successful for problems like the concrete cooling problem. From Table 3.7 we conclude that the choice of ε is not very critical for the total time required for
both the decomposition and the iteration process.
Increasing the number of pipes.
To show that the methods also work well when the non-zero pattern is more irregular, we
consider the situation in which the number of pipes in the concrete has increased strongly.
We consider the block of concrete as shown in Fig. 3.2 with cooling pipes in the planes
y = 0.2, y = 0.4 and y = 0.6. These cooling pipes are folded 34 times. Again the plane
y = 0.4 is a symmetry plane. Hence we only have to consider the part 0 ≤ y ≤ 0.4.
The discretization in the x− and z−direction is the same as in Section 3.2, but in the
y−direction there are 8 intervals with the mesh size varying as

After discretization we obtain a system of linear equations in which the coefficient matrix
has the same block structure as in (3.3), but now the dimension of A11 is 4680, and the
dimension of A22 is 350. Hence the non-symmetric part of A with an irregular non-zero
structure is much larger than in the original problem. As a consequence, the special-purpose method of Section 3.3 is not practical in this case, because the computation of the
block A22 − A21 L−T L−1 A12 would become too expensive.
We observed that Bi-CGSTAB does not converge when only diagonal scaling is used as
a preconditioner. We also used the technique of renumbering and eliminating unknowns
as described above. It appeared that 2384 unknowns can be eliminated, so that the
dimension of the coefficient matrix in (3.10) is 2646. The results are summarised in
Table 3.8. It appears that with a proper choice of ε, the number of iteration steps is very
small, even when the number of non-zero entries in L + U is not very large. Again we see
that decreasing ε leads to an increase of fill-in in the factors L and U, but the number of
iteration steps decreases. The CPU-times for the iteration process show that, as long as
ε is not chosen larger than 0.01, the choice of this parameter is not very critical for the
total amount of work required for the iteration process.
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Table 3.8: Elimination of unknowns. The number
ε
Number of
Number
Number of
entries/unknown of iter. flops/unknown
0.1
3.9
15
640
0.05
6.2
10
480
0.01
9.9
6
340
0.005
11.0
5
300
0.001
17.6
4
300
0.0005
22.0
3
260

3.6

of pipes has
Time for
iteration
46.3 2.75
34.7 2.12
24.7 1.53
21.8 1.36
21.7 1.38
19.0 1.23

increased.
Time for ILUdecomposition
4.5
0.27
5.4
0.34
7.7
0.48
8.5
0.54
13.8
0.89
18.6
1.22

Conclusions

The concrete cooling problem described in Section 3.2 can be solved efficiently by conjugate gradient-like methods such as Bi-CGSTAB. The excellent preconditioners that can
be constructed for this type of problem can optimally exploit the banded structure and
symmetry of the largest part of the matrix. The non-symmetric part of A with an irregular
sparsity pattern can be treated very efficiently by the block decomposition (3.5).
In Section 3.4 a number of methods has been described to construct preconditioners
for non-symmetric M-matrices with a very irregular sparsity pattern, which allows complicated geometries and an irregular node numbering. Three different methods for constructing the sparsity pattern of L+U have been described and compared with each other.
Incomplete LU-decompositions in which this sparsity pattern is based on a threshold parameter give the best preconditioners, and the CPU-time required for the construction of
the factors L and U is relatively small, not more than the time for one or two iteration
steps with Bi-CGSTAB. It should be emphasized that no effort is made in this chapter
to construct computer programs that vectorize.
Elimination of unknowns as described in Section 3.5 can be very successful for problems
like the concrete cooling problem. With this technique, both the storage requirements
and the CPU-time needed for solving the linear systems can be decreased.
æ

4. Vectorizable preconditioning techniques
with application to the Boussinesq equations
4.1

Introduction

Recently, a new numerical model for the computation of fairly low and fairly long waves
has been developed with the support of the Dutch Foundation for Engineering Sciences
(STW). The model is used, among others, by Delft Hydraulics for wave computations
in harbours and coastal regions [27]. In this chapter, we consider some possibilities for
improving the efficiency of the method on vector and parallel computers. In [27] it is
shown that the propagation of fairly low and fairly long waves can be described by the
Boussinesq equations, which are written down below:
∂ζ
∂
∂ T
= − [GT (h + ζ)G(u)] −
[G (h + ζ)G(v)]
∂t
∂x
∂y
∂u
∂
∂
∂ζ
= −G(u) G(u) − G(v) G(u) − g
∂t
∂x
∂y
∂x
∂
∂
∂ζ
∂v
= −G(u) G(v) − G(v) G(v) − g
∂t
∂x
∂y
∂y

(4.1)

The variables u and v are the velocities in the x− and y−direction, respectively, ζ is the
water elevation, and h defines the bottom profile. The differential operator G is of the
form G = L−1
1.9 L0.9 , where Lγ (γ = 0.9 or 1.9) is defined by:
1
∂2
∂2
1
∂2u
∂2u
γ(h 2 (hu) + h 2 (hu)) + γ(h2 2 + h2 2 )
4
∂x
∂y
12
∂x
∂y
∂h ∂u
∂h ∂u
1
γ(h
+h
)
+
6
∂x ∂x
∂y ∂y

Lγ (u) = u −

(4.2)

The Boussinesq equations are a refinement of the shallow-water equations which arise if
G = I. For the time discretization, the classical Runge-Kutta method is used, and for the
space discretization fourth-order accurate finite differences. The application of G to u or
v in the right-hand side requires the solution of a Helmholtz-type equation. Its solution
forms the bottleneck of the numerical model when a vector computer, in our case a NEC
SX-3, is used. Hence, we want to apply a suitable vectorizable algorithm for solving this
system of linear equations, which we write in the general form
Ax = b
55

(4.3)
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Here A is a large sparse non-singular matrix of order N, and b a given vector. Due to the
fourth-order accurate finite differences, A can have nine non-zero elements per row. The
coefficient matrix is constant in time, and at every time step a reasonable estimate x(0) of
the solution is available. We want to solve the linear systems with a conjugate gradientlike method. To improve the rate of convergence, we replace (4.3) by the preconditioned
system
C −1 Ax = C −1 b
(4.4)
The preconditioner C should again be such that, for given y, the calculation of the product
C −1 y does not require much CPU-time or computer storage. Since the coefficient matrix
is constant in time, we are in the pleasant situation that the preconditioner needs to be
constructed only once.
On parallel and vector computers, the bottleneck of an efficient implementation is often
formed by the application of the preconditioner. In [12] and [37] an overview is given of
several methods to implement iterative methods for solving (4.4) on supercomputers.
Most choices of C are based on an incomplete LU-decomposition of the coefficient
matrix as described in Chapter 1. In order to obtain the product z = C −1 y for given y,
one has to solve the systems
Lx = y
Uz = x

(4.5)
(4.6)

successively. This forms the main difficulty in vectorizing or parallelizing iterative methods
preconditioned by incomplete LU-decompositions, because algorithms for solving (4.5)
and (4.6) are highly sequential by nature. In Section 4.2, we will consider some possibilities
for implementation of these algorithms on supercomputers.
In many cases, the coefficient matrix has a diagonal structure. Hence the matrix-vector
multiplication can be performed very efficiently on supercomputers. This motivates the
so-called polynomial preconditioning. In this technique, a polynomial Pn of degree n
is chosen in such a way that the preconditioned matrix Pn (A)A has a more favourable
eigenvalue distribution than A. In Section 4.3, some choices of the polynomial Pn will be
described, which can be used for the systems of linear equations arising in the Boussinesq
model. In Section 4.4, some results of numerical experiments with these techniques will
be given. Section 4.5 describes an efficient implementation of polynomial preconditioning,
which is especially useful for the linear systems arising in the Boussinesq model.

4.2

Incomplete LU-decompositions

Since algorithms for solving (4.5) and (4.6) both lead to the same vectorization and parallelization problems, we only consider algorithms for solving the lower-triangular system
Lx = y.
In the method with which we started, the sparsity pattern of the factors L and U is
based on a drop tolerance as described in Section 2.3. The sparsity pattern of L can be
very irregular. Hence no restrictions are made with respect to the sparsity pattern, and
we assume that L is stored row-wise in 3 arrays as described in Section 2.2. When the
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diagonal entries of L are equal to 1, the calculation of x from Lx = y can be implemented
as shown in Algorithm 4.1. A drawback of this technique is the indirect addressing, which
Algorithm 4.1. Sequential sweep for solving Lx = y.
FOR i := 1 TO N DO
BEGIN
h := y[i];
FOR v := begL[i] TO begL[i + 1] − 1 DO
h := h − coL[v] × x[jcoL[v]];
x[i] := h
END; {i−loop}
forms a difficulty for vectorizing this algorithm. A second disadvantage is that the inner
loop can be regarded as the calculation of an inner product with length begL[i+1]−begL[i].
For most vector computers this length is much too small to perform this calculation at
an acceptable speed. In [12] and [37] several techniques have been proposed to get rid of
the sequential nature of algorithms for solving (4.5).
Renumbering strategies.
One can select all unknowns that have no direct relationship with each other and number
them first. This can be repeated for the remaining unknowns. After this renumbering,
the coefficient matrix has the block structure
"

D A12
A21 A22

#

where D is a diagonal matrix, and the block A22 has again a similar block structure. When
the sparsity pattern of L+U is chosen the same as that of the coefficient matrix, algorithms
to solve (4.5) and (4.6) can be parallelized by exploiting this block structure. For the
matrix arising after a standard five-point discretization of the Laplace equation on a
rectangular grid, the strategy described above leads to the well-known red-black ordering.
For more complicated geometries one can use more colours to decouple the unknowns in
groups which are as large as possible. A disadvantage of this kind of reordering techniques
is that they can increase the number of iteration steps required to solve the system of
linear equations [13].
Partial vectorization.
Another way to get rid of the recursion in algorithms for solving (4.5) is to use a technique
called partial vectorization. When solving Lx = y, the vectors x and y are partitioned as
(X1 , X2 , . . . , Xm ) and (Y1 , Y2 , . . . , Ym ) respectively, where Xi and Yi represent groups of
components. Suppose that, according to this partitioning, L has the block structure as
shown in Fig. 4.1. The vector x can then be calculated in the following way:
X1 = L−1
1 Y1 ;
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Figure 4.1: Block structure of L with partial vectorization.
FOR i := 2 TO m DO
T
Xi = L−1
i (Yi − Ei (X1 , . . . , Xi−1 ) );
The matrix multiplication with Ei can often be implemented efficiently on supercomputers. If the block size is small, the inverse of the blocks Li can be calculated, thus the
calculation of Xi can also be performed efficiently. A drawback of this technique is that
for increasing block size, the calculation of the inverse of the blocks on the diagonal becomes time consuming. We therefore consider the following approach.
Level-scheduling.
In this technique, one looks for groups of unknowns which can be solved simultaneously.
The first group consists of those components x[j] which are independent of all other components, and the i-th group contains all unknowns which depend only on components
from the first i − 1 groups. After reordering the unknowns group by group, the matrix L
has a block structure as shown in Fig. 4.1, where all the blocks Li are diagonal blocks. A
difference with the technique of reordering the unknowns, as described above, is that with
level-scheduling the reordering is performed implicitly: only the order of the computations
is changed, so that the results are the same as without level-scheduling.
Suppose that nlev is the number of groups, and new is an integer array which defines the
group by group reordering. The integer level[i], i = 1 . . . nlev + 1, points to the beginning
of the i-th group in new. Solving the lower-triangular system can be implemented as
shown in Algorithm 4.2. The integer nlev and the arrays level and new can be obtained
Algorithm 4.2. Solving Lx = y using level-scheduling.
FOR j := 1 TO nlev DO
BEGIN
FOR i := level[j] TO level[j + 1] − 1 DO
BEGIN
k := new[i];
h := y[k];
FOR v := begL[k] TO begL[k + 1] − 1 DO
h := h − coL[v] × x[jcoL[v]];
x[k] := h
END {i−loop}
END; {j−loop}
fully automatically from the arrays coL, jcoL and begL using Algorithm 4.3. The integer
arrays f req and group are two locally defined help arrays. Herein group[i] gives the
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group number i of every component x[i], and f req is necessary to store the number of
components contained in every group.
Algorithm 4.3. Calculation of arrays necessary for level-scheduling.
FOR i := 1 TO N DO f req[i] := 0;
FOR i := 1 TO N DO
BEGIN
m1 := 0;
FOR v := begL[i] TO begL[i + 1] − 2 DO
m1 :=MAX(m1 , group[jcoL[v]]);
group[i] := 1 + m1 ;
nlev :=MAX(nlev, 1 + m1 );
f req[1 + m1 ] := f req[1 + m1 ] + 1
END; {i−loop}
level[1] := 1;
FOR i := 1 TO nlev DO level[i + 1] := level[i] + f req[i];
FOR i := 1 TO nlev DO f req[i] := 0;
FOR i := 1 TO N DO
BEGIN
new[level[group[i]] + f req[group[i]]] := i;
f req[group[i]] := f req[group[i]] + 1
END; {i−loop}
Since there are no recurrence relations within the i-loop of Algorithm 4.2, level-scheduling can be very successful on parallel architectures, especially when the block sizes are
large. However, for an efficient implementation on vector computers, it is necessary to
use another implementation of the i-loop in order to increase the vector length. In many
practical problems, (almost) all the non-zero elements of the coefficient matrix A can
be stored in a few diagonals, thus the matrix-vector multiplication can be performed at
vector computers with near-peak performance. If one chooses the same non-zero structure
for L + U, the i-loop of Algorithm 4.2 can be implemented more efficiently by using the
diagonal structure of L. This choice for the sparsity pattern of L+U leads to the so-called
standard incomplete decomposition of A. In many situations, this means that L and U
are equal to the strictly lower- and upper-triangular part of A, respectively, thus it is
possible to use the efficient Eisenstat implementation as described in Section 1.4. In the
linear systems arising from the Boussinesq model, this is not the case, which is due to
the fill-in generated during the incomplete decomposition. However, one obtains a proper
incomplete decomposition when only corrections on the diagonal and on the sub- and the
super-diagonal are performed. Therefore, only 3 vectors of length N are needed to store
the elements of L and U. To implement level-scheduling, in addition, we need two integer
arrays of length N.
The technique described above is similar to the technique described in [33], which uses
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slightly overlapping blocks along the main diagonal.

4.3

Polynomial-like preconditioning

In this section various preconditioning techniques are described which only require matrixvector multiplications, instead of solving lower- and upper-triangular systems.
Polynomial preconditioning.
The idea of polynomial preconditioning for solving Ax = b is to consider the equivalent
system Pn (A)Ax = Pn (A)b, where Pn is a polynomial of degree n such that the preconditioned matrix Pn (A)A has a more favourable eigenvalue distribution than A. This
has the advantage that only matrix-vector multiplications are necessary to implement the
preconditioner. As mentioned earlier, this can be implemented very efficiently on supercomputers if (almost) all the non-zero elements of A can be stored in a few diagonals. To
be efficient, the polynomial Pn should be chosen in such a way that the preconditioned
matrix resembles the identity matrix in some sense. Suppose that all the eigenvalues of
A are located in a certain domain D in the complex plane. Then a possible choice for Pn
is the polynomial that minimizes
max k1 − zPn (z)k
z∈D

(4.7)

A possible choice for the region D is a polygon that contains all the eigenvalues of A. When
GMRES(M) is used as an iterative method for solving Ax = b, eigenvalue estimates can
be obtained from the Hessenberg matrix which is generated during the iteration process.
Details of this approach can be found in [37].
The Boussinesq model leads to systems of linear equations in which the coefficient
matrix is diagonally dominant and almost symmetric. Therefore, we assume that after
diagonal scaling, all eigenvalues lie in the interval [0, 2]. Minimizing (4.7) in this case leads
to choosing the residual polynomial 1−λPn (λ) equal to a Chebychev polynomial. Another
technique, which is described in [36], is to choose the so-called least squares polynomials
on the interval [0, 2]. This approach has the advantage that it does not require accurate
estimates of the eigenvalues of the coefficient matrix, and it is very easy to implement.
The first five least squares polynomials for the interval [0, 2] are given below [36]:
P1 (z) = 2.5 − z
P2 (z) = 3.5 − 3.5z + z 2
P3 (z) = 3.75 − 6.75z + 9z 2 − z 3
P4 (z) = 55/16 − (77/8)z + 11z 2 − 5.5z 3 + z 4
P5 (z) = 91/32 − (91/8)z + 19.5z 2 − (65/4)z 3 + 6.5z 4 − z 5
A major drawback of polynomial preconditioning is that on sequential machines it is outperformed by preconditioning techniques which are based on incomplete decompositions.
Polynomial preconditioning is therefore only of interest for vector computers, where the
matrix-vector multiplications can be performed at near-peak performance.
Smoothing matrices as preconditioners.
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In this technique, the preconditioner C is chosen as (Pk (Dx )Pk (Dy ))−1 , where Pk is a
polynomial of degree k satisfying Pk (0) = I, and Dx and Dy are smoothing matrices with
respect to x- and y-direction, respectively [41]. For example, Dx is defined by


Dx =

1
4



2

 1







1
0


2 1


.. .. ..

.
.
.

1 2 1 

0
1 2

and Dy is defined in a similar way. These matrices are to a large extent independent of
the problem, and of a very simple form. Therefore, this preconditioning technique is very
easy to implement and highly vectorizable.
It is also possible to use the smoothed Jacobi-method [10] as a preconditioner. In this
technique, the preconditioner C is defined implicitly as follows. Suppose that z (q) is the
solution of Cz (q) = d. This vector is calculated from the following scheme:
z (0) = d
z (k+1) = z (k) + ωk Sk (d − Az (k) ), k = 0, . . . , q − 1

(4.8)

where z (k) is the k−th iterate, ωk a relaxation parameter, and Sk is equal to Dyk Dxk . We
have chosen ωk independent of the x− and y−coordinates. In [10] it is shown that a
proper choice for this parameter is
ωk =

4.4

2ρ(A)
ρ(Sk A)

Numerical experiments

In this section, we compare the various vectorizable preconditioning techniques for solving
the linear systems arising in the Boussinesq model. These techniques are tested on an
HP-720 workstation, a CONVEX C2 and on a NEC SX-3. On the latter two machines we
used only one processor. The calculations are performed during four time steps in a fully
developed wave field. During each evaluation of the right-hand side of (4.1), the equation
L1.9 B = L0.9 f

(4.9)

has to be solved four times, where L1.9 and L0.9 are defined in (4.2). Since a fourth-order
Runge-Kutta method is used, such an equation has to be solved 16 times at each time
step. Because two different orderings are used, the model works with the two coefficient
matrices. To be precise, at each time step the following linear systems have to be solved:
Au x = vi , i = 1 . . . 8

(4.10)

Av x = wj , j = 1 . . . 8

(4.11)

and
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where Au and Av are matrices which are constant in time. Discretizing (4.9), using a
fourth-order accurate finite-difference scheme, leads to systems of linear equations Ax = b
in which the coefficient matrix has positive eigenvalues. The order of A is 32924, and there
can be nine non-zero elements in one row. We use GMRES(M) as an iterative method,
because it appears that with a proper preconditioner, GMRES(M) does not have to be
restarted very often. Hence the number of matrix-vector products with the preconditioned
matrix is minimized. On a supercomputer like the NEC SX-3, these form the bottleneck in
solving the systems of linear equations. In order to minimize the effect of rounding errors
in the orthogonalization process, we take a small value of M: M = 10. The following
stopping criterion is used:
kC −1 (b − Ax)k2 ≤ 10−6
We will first consider the matrix-vector multiplication, because its implementation is crucial for the efficiency of polynomial preconditioning. Next, we will present some results
of incomplete LU-decompositions, both with and without level-scheduling, and of polynomial preconditioning. Finally, some results of smoothing techniques will be presented.
Implementation of the matrix-vector multiplication.
In our test case, the region is rectangular, and discretizing (4.1) leads to a coefficient
matrix in which all non-zero elements are contained in nine diagonals. However, we want
to be able to work with a more irregular domain in which the number of unknowns in the
y-direction varies. In that case, indirect addressing is necessary for the matrix elements
which come from the discretization in this direction. Therefore, each matrix-vector multiplication needs a gather and a scatter operation. If the diagonal is scaled to unity, it
can be implemented as shown in Algorithm 4.4. Herein indyx is a permutation vector,
Algorithm 4.4. Matrix-vector multiplication r := Ax, version 1.
FOR i := 1 TO N DO px[indyx[i]] := x[i];
FOR i := 1 TO N DO
BEGIN
j := indyx[i];
r[i] := AMY [i] ∗ x[i − 2] + AMX[j] ∗ px[j − 2]+
BMY [i] ∗ x[i − 1] + BMX[j] ∗ px[j − 1] + x[i]+
DMY [i] ∗ x[i + 1] + DMX[j] ∗ px[j + 1]+
EMY [i] ∗ x[i + 2] + EMX[j] ∗ px[j + 2]
END; {i−loop}
which can be used to number a vector from y− to x−direction.
In Algorithm 4.4 the calculations may be slowed down by the presence of an indirect
addressing in the loop with the multiplications. It may therefore be better to implement
the algorithm as shown in Algorithm 4.5. In this implementation, the part with the
multiplications can be performed at full vector speed, although one gather operation is
required after r and r2 have been calculated. The CPU-times for both implementations
are listed in Table 4.1. The second implementation of the matrix-vector multiplication
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Algorithm 4.5. Matrix-vector multiplication r := Ax, version 2.
FOR i := 1 TO N DO px[indyx[i]] := x[i];
FOR i := 1 TO N DO
BEGIN
r[i] := AMY [i] ∗ x[i − 2] + BMY [i] ∗ x[i − 1]+
DMY [i] ∗ x[i + 1] + EMY [i] ∗ x[i + 2];
r2 [i] := AMX[i] ∗ px[i − 2] + BMX[i] ∗ px[i − 1]+
DMX[i] ∗ px[i + 1] + EMX[i] ∗ px[i + 2]
END; {i−loop}
FOR i := 1 TO N DO r[i] := x[i] + r[i] + r2 [indyx[i]];

Table 4.1: CPU-times for the matrix-vector multiplication.
Alg. 4.4 Alg. 4.5
HP-720
0.135
0.105
CONVEX
0.069
0.057
NEC SX-3 0.0022
0.0011

appears to be more efficient than the first one on all computers considered here. Especially
on the NEC SX-3 this difference is significant: with the second implementation, it appears
possible to gain approximately a factor two in speed. The matrix-vector multiplication is
performed at a speed of approximately 500 Mflop/sec. Without the indirect addressing
this can be more than three times faster. Hence in many situations, it is advisable to
introduce ‘dummy’ equations in such a way that the domain under consideration becomes
a rectangle, thus avoiding the need of indirect addressing.
MILU-preconditioning.
We have solved (4.10) and (4.11) with GMRES(10) combined with MILU(ε)-preconditioning. With this preconditioning technique, the storage requirements are relatively
high. Therefore, the factors L and U are stored in single precision. From the numerical
results it appeared that this has a negative effect on GMRES(10). When the factors L
and U coming from a standard incomplete decomposition are stored in double instead
of single precision, the average number of GMRES iteration steps decreases from 11.4 to
9.7. Therefore, when a standard incomplete decomposition is used, the preconditioner is
stored in double precision. This does not require a large amount of storage, because only
three vectors of length N have to be stored (see Section 4.2).
The results of GMRES(10) combined with several incomplete decompositions are summarised in Table 4.2. The first row shows the average number of matrix-vector products
y := (LU)−1 Ax required for solving one linear system. This number has been obtained
during four time steps in a fully developed wave field. The second row shows the maximum
number of entries in L + U divided by the number of unknowns. The last three rows show
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the average CPU-times required for solving x from Ax = b. These times have been measured in seconds. MILU(ε)-preconditioning has not been combined with level-scheduling,
because all elements in L and U have to be addressed indirectly. Hence it is not expected
that this technique leads to a strong reduction in the CPU-time. For comparison, the last
two columns show the performance of a standard incomplete decomposition, in which the
sparsity pattern of L + U is equal to that of A, both without and with level-scheduling.

Table 4.2: GMRES(10) combined with MILU(ε)- and standard preconditioning.
ε
0.05 0.02 0.01 0.005 standard, standard,
no l.s.
with l.s.
# mat-vec. multiplications 11.1 8.3 7.0
6.5
9.7
9.7
# NZ(L + U) per unknown 4.9 6.8 8.7 10.7
8.7
8.7
−1
Times x := A b, HP-720
4.2 3.3 2.9
2.9
3.9
4.1
−1
Times x := A b, CONVEX 5.1 4.7 4.7
5.0
6.4
2.1
−1
Times x := A b, NEC SX-3 0.47 0.43 0.44 0.47
0.65
0.077

The MILU(ε)-preconditioning very effectively reduces the number of matrix-vector
multiplications required for solving the linear systems. If we choose ε equal to 0.05,
the matrix L + U is much more sparse than the coefficient matrix, and even then the
average number of matrix-vector multiplications necessary for solving one linear system
is relatively small. Without preconditioning this number is almost 4 times larger (see the
first column of Table 4.3).
It is interesting to see that with MILU(ε), the average CPU-time for one solution process remains approximately constant. If ε is chosen smaller, the number of iteration steps
decreases, but the application of the preconditioner requires more CPU-time, because the
number of non-zero entries in L and U increases.
As can be expected, the performance of MILU(ε) as a preconditioner is poor on the
two vector computers. The difference between the last two columns of Table 4.2 shows
that the performance of a standard incomplete decomposition can be improved strongly
by using level-scheduling.
If we use MILU(ε)-preconditioning on the NEC SX-3 without level-scheduling, it appears that the speed at which (4.5) and (4.6) are solved is not more than 11 Mflop/sec.
When level-scheduling is used, this speed can be increased to 100 Mflop/sec. Although
this is a major improvement, it is still slow compared with the 500 Mflop/sec at which
the matrix-vector multiplication is performed. This disappointing result can be explained
by the indirect addressing in Algorithm 4.2.
Polynomial preconditioning.
Table 4.3 shows the results of GMRES(10) combined with a polynomial preconditioner
Pn (A) as described in Section 4.3. The average number of GMRES iteration steps required for solving one system of linear equations is listed in the first row. The second row
gives the number of matrix-vector multiplications with A. The last three rows give the
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average CPU-times measured in seconds for solving x from Ax = b. The diagonal of the
coefficient matrix is scaled to unity, thus when n = 0, only diagonal scaling is used.

Table 4.3: Polynomial preconditioning.
n
0
1
2
3
4
5
# mat-vec. mult. Pn (A)A
42.3 24.5 17.2 13.1 10.3
8.3
# mat-vec. mult. A
42.3 49.0 51.7 52.6 51.3 49.9
−1
Times x := A b, HP-720
11.4 9.5
8.9
8.5
8.0
7.2
−1
Times x := A b, CONVEX 5.3
4.5
4.4
4.0
3.9
3.3
Times x := A−1 b, NEC SX-3 0.10 0.085 0.079 0.073 0.073 0.063

From the difference between the last column of Table 4.2 and 4.3 we conclude that
on the NEC SX-3, the preconditioning with P5 is slightly more effective than a standard
MILU-decomposition combined with level-scheduling. Polynomial preconditioning does
not reduce the number of matrix-vector multiplications with A, but it considerably reduces the amount of work necessary for the orthogonalization process of GMRES.
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Smoothing as a preconditioning method.
We have tried to use the smoothing matrix C = (Pk (Dx )Pk (Dy ))−1 described in Section 4.3
as a preconditioner for GMRES. Unfortunately, the smoothing matrices did not reduce
the number of iteration steps very effectively. This is probably due to the fact that the
diagonal dominance of the coefficient matrices is rather strong, so that the effect of extra
smoothing is not very large. For k = 1, it appeared possible to almost halve the number
of iteration steps, but this is not better than using a polynomial preconditioner with
degree 1. For k > 1, it is possible to implement the smoothing matrix without having to
use more gather and scatter operations, but it appeared not possible to obtain a further
reduction in the number of iteration steps.
We have also used the smoothed Jacobi-method [10] as a preconditioner. The second
column of Table 4.4 gives the results of this technique for q = 1 and ω0 = 4 in (4.9). The
smoothing technique has not been applied for higher values of q, because this requires a
lot of programming effort, and it is not expected that this technique reduces the number
of iteration steps strongly. Again, the average CPU-time necessary for solving one linear
system is given. For comparison, the first column (q = 0) shows the results of only
diagonal scaling. The last column shows the results of smoothing in only one direction,

Table 4.4: The smoothed Jacobi-method
q=0
# matrix-v. mult. with C −1 A 42.3
CPU-time x := A−1 b
0.10

on the NEC SX-3.
q = 1 C = Dx−1
17.6
33.3
0.094
0.083

e.g. C is equal to Dx−1 . This appears to be a proper choice, because no gather and scatter
operations are needed, and the average number of matrix-vector multiplications reduces
with more than 20 percent as compared with diagonal scaling. However, this technique
is not competitive in comparison with polynomial preconditioning. The use of Jacobismoothing does not reduce the CPU-times as compared with diagonal scaling. This is
probably due to the fact that the choice of the relaxation parameters is not optimal. In
[10] it is reported that when an irregular bottom topography is used, much better results
are obtained with a relaxation parameter which depends on the local depth.

4.5

An efficient implementation of polynomial preconditioners

From the results of the previous section, it appears that polynomial preconditioning is
competitive in comparison with preconditioning techniques based on incomplete decompositions, especially on the NEC SX-3. This can be explained by the fact that the NEC
SX-3 needs rather long vectors to achieve a reasonable speed, and the performance is
relatively poor when indirect addressing is involved. In this section, we describe an efficient implementation of polynomial preconditioning, which is especially useful for the
linear systems arising in the Boussinesq model. We will focus on the following aspects:
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reduction of the number of gather and scatter operations, and of the number of floating
point operations.
Reduction of the number of gather and scatter operations.
For an efficient implementation of polynomial preconditioners on the NEC SX-3, it is very
important to minimize the negative effects of indirect addressing. With a straightforward
implementation, every matrix-vector multiplication needs one gather and one scatter operation. It is possible to halve the number of these operations. We illustrate this with
a polynomial of degree 3. The matrix A can be written as I + D1 + D2 , in such a way
that in Algorithm 4.5 the vectors r and r2 are equal to D1 x and D2 x, respectively. In the
following, we assume that the matrices D1 and D2 commute. Since these matrices come
from a discretization of a second derivative, this is a reasonable assumption. With this
assumption we obtain for the polynomial P3 from Section 4.3
P3 (A) = P3 (I + D1 + D2 ),
= 0.5I − 0.75(D1 + D2 ) + 1.5(D12 + D22 ) − (D13 + D23 )+
3(D1 D2 − D12 D2 − D1 D22 ),
= 0.5I − 0.75D2 + 1.5D22 − D23 +
D1 [−0.75I + 3(D2 − D22 ) + D1 (1.5I − 3D2 − D1 )].
The grouping of the terms is done in such a way that the calculation of r = Pn (A)x can
be implemented efficiently as follows:
1. create a copy of x numbered in y-direction: px[indyx[j]] = x[j], j = 1 . . . N,
2. compute x1 = D2 px, x2 = D22 px and x3 = D23 px successively,
3. number the results in x-direction: yi [j] = xi [indyx[j]], j = 1 . . . N, i = 1 . . . 3,
4. t1 = D1 x,
5. t2 = D1 (1.5x − 3y1 − t1 ),
6. t3 = D1 (−0.75x + 3(y1 − y2 ) + t2 ),
7. r = 0.5x − 0.75y1 + 1.5y2 − y3 + t3
Applying the polynomial Pn (A) once only requires one scatter operation and n gather
operations, instead of the needed n gather and n scatter operations for a straightforward
application of Pn (A). Below we give a list of the polynomials Pn for n = 2, . . . , 6, written
in such a form that the approach described above can be followed:
P2 (A) = I − 1.5D2 + D22 + D1 (−1.5I + 2D2 + D1 )
P3 (A) = 0.5I − 0.75D2 + 1.5D22 − D23 +
D1 (−0.75I + 3(D2 − D22 ) + D1 (1.5I − 3D2 − D1 ))
P4 (A) = 0.3125I − 0.125D2 + 0.5D22 − 1.5D23 + D24 +
D1 (−0.125I + D2 − 4.5D22 + 4D23 +
D1 (0.5I − 4.5D2 + 6D22 +
D1 (−1.5I + 4D2 + D1 )))
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P5 (A) = 0.21875I − 0.125D2 − 0.25(D22 + D23 ) + 1.5D24 − D25 +
D1 (−0.125I − 0.5D2 − 0.75D22 + 6D23 − 5D4 +
D1 (−0.25I − 0.75D2 + 9D22 − 10D23 +
D1 (−0.25I + 6D2 − 10D22 +
D1 (1.5I − 5D2 − D1 ))))
P6 (A) = 0.125I − 0.1875D2 + 0.625D23 − 1.5D25 + D26 +
D1 (−0.1875I + 1.875D22 − 7.5D24 + 6D25 +
D1 (−15(D23 + D24 ) + 1.875D2+
D1 (0.625I − 15D22 + 20D23 +
D1 (−7.5I + 15D22 +
D1 (−1.5I + 6D2 + D1 ))))).

The polynomial P6 is added, because after evaluating P6 (I + D1 + D2 ), it appears that
some terms cancel, and the polynomial is of a simpler form than one would expect, so that
the corresponding preconditioner can be implemented more efficiently. For large values of
n, one can obtain Pn (A) easily with a symbolic manipulation package like Mathematica
or Maple.
Reduction of the number of floating point operations.
So far, the polynomial preconditioning has been implemented in such a way that an iterative method is used for solving the system of linear equations Pn (A)Ax = Pn (A)b, where
Pn (A) is an approximation of A−1 . We will now consider the linear system Pn (B)Ax =
Pn (B)b, in which B is a matrix with the following properties:
1. Bx is approximately equal to Ax for all x ∈ RN .
2. The calculation of Bx can be implemented more efficiently than the matrix-vector
multiplication with A.
The coefficient matrix stems from a fourth-order accurate finite-difference scheme of a
Poisson-like equation, thus A can have nine non-zero elements per row. The idea in choosing a matrix B with the two properties mentioned above is to use a standard, second-order
accurate discretization of the Poisson equation. This choice leads to a matrix with not
more than five non-zero elements per row. One can show that with this choice of B, the
calculation of r = Bx can be performed as in Algorithm 4.5, in which the terms with i − 2
and i + 2 are omitted, and the corresponding matrix elements are added to the diagonal.
Numerical results.
The first row of Table 4.5 shows the average number of matrix-vector products y =
Pn (B)Ax required for solving one linear system. The second row gives the average CPUtime measured in seconds on a NEC SX-3 for solving one system of linear equations.
Comparing the first row of this table with the first row of Table 4.3 leads to the conclusion that the number of matrix-vector multiplications has hardly increased. Hence the
convergence behaviour of GMRES(10) is hardly influenced by the replacement of Pn (A)
by Pn (B). It appeared that with the efficient form of the polynomial preconditioner, the
matrix-vector multiplication with the preconditioner requires only half the CPU-time as
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Table 4.5: Results of simplified polynomial preconditioning on the NEC SX-3.
n
2
3
4
5
6
# mat-vec. mult. Pn (B)A 17.2 13.2 10.3
8.5
7.6
CPU-time x := A−1 b
0.075 0.062 0.051 0.051 0.048

with the original form. However, the difference between the last row of Table 4.5 and
4.3 shows that the reduction in the CPU-times is not more than 19 percent. This is due
to the fact that the orthogonalization process of GMRES(10) requires a large number
of inner products and vector updates. Hence we conclude that the application of the
preconditioner forms no longer the bottleneck in solving the linear systems.

4.6

Conclusions

In this chapter various vectorizable preconditioning techniques for the Boussinesq model
have been compared with each other on three computers with different architectures.
We have tested both polynomial-like preconditioners, and preconditioners based on incomplete LU-decompositions. For the latter we have used level-scheduling in order to
improve the performance on supercomputers. So far, we only gave CPU-times of the
solution process of the set of linear equations, which shows more clearly the effect of the
various techniques. The impact of the most successful techniques on the CPU-time of
the complete problem is given in Table 4.6: it shows the CPU-times measured in seconds
necessary for four time steps in a fully developed wave field. For comparison, the first
column shows the CPU-time of the technique with which we started, e.g. the technique in
which the linear systems were solved with CGS combined with MILU(ε)-preconditioning,
and with the matrix-vector multiplication implemented as shown in Algorithm 4.4. An
asterisk (‘*’) indicates the ‘winner’ on a particular machine.

Table 4.6: Comparison of several strategies. CPU-times for four time steps.
iterative method
CGS
GMRES(10) GMRES(10) GMRES(10)
preconditioner
MILU(0.01) stand. MILU
diagonal
P6 (B)
no l.s.
with l.s.
scaling
Times, HP-720
205∗
312
697
371
∗
Times, CONVEX
438
146
331
169
Time, NEC SX-3
56
5.5
7.4
3.7∗

None of the suggested strategies appears to be a clear winner on all computers. However, standard MILU combined with level-scheduling is in all cases not worse than 1.5
times the best one. Hence we conclude that this type of preconditioner performs reasonably well on all computers considered here. The impact of level-scheduling on the
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CPU-time is demonstrated clearly by the difference between the last two columns of Table 4.2.
When working with a scalar machine, one should minimize the number of operations.
In that case, CGS in combination with MILU(ε)-preconditioning is a proper choice. On
vector computers, one should minimize the number of matrix-vector products with the
preconditioned matrix, because these form the bottleneck in solving the systems of linear
equations. Therefore, on the CONVEX and the NEC SX-3, it is better to use GMRES(M)
as an iterative method. This method has as drawback that much work has to be done
for obtaining an orthonormal basis for the Krylov subspace. However, this extra work
consists mainly of calculating inner products and vector updates, which can be vectorized
very well.
On the CONVEX, GMRES(10) combined with standard MILU-decomposition and
level-scheduling performs best. This technique is almost three times as fast as the technique with which we started.
On the NEC SX-3, the efficient implementation of polynomial preconditioning as described in Section 4.5 appears to be the most efficient preconditioner. It appears that
GMRES(10) combined with the latter technique reduces the CPU-time with approximately a factor 15 as compared with the model with which we started. If we use a
straightforward implementation of an incomplete LU-decomposition without level-scheduling, more than 98 percent of the CPU-time of the complete problem is necessary for
solving the linear systems. With the efficient form of polynomial preconditioning, this
reduces to 83 percent. The bottleneck is formed by the indirect addressing, which is
needed for the matrix-vector multiplication. Hence in many situations, it is advisable to
introduce ‘dummy’ equations in such a way that the domain under consideration becomes
a rectangle, thus avoiding the need of indirect addressing.
We have also tested smoothing matrices and Jacobi-smoothing as preconditioners.
With these methods, the number of iteration steps decreases, although they are not
competitive in comparison with polynomial preconditioning.
It appears to be possible to make a modification of the Boussinesq model in such a way
that one obtains systems of linear equations in which the coefficient matrix is symmetric
positive definite [48]. These linear systems can be solved efficiently with the conjugate
gradient method combined with the preconditioners described in this chapter.

5. Sparse matrix techniques for solving the
incompressible Navier-Stokes equations
5.1

Introduction

The incompressible Navier-Stokes equations play an important role in a large variety
of applications. For example, one can think of all kinds of water works and off-shore
constructions, flows in cooling systems or in blood vessels, low-speed aerodynamics for
car design, etc. The equations of motion and continuity are
∂u
1
+ u · ▽u = − ▽ P + ν ▽2 u
∂t
ρ

(5.1)

▽·u= 0

(5.2)

where u is the velocity, P the pressure, ρ the density and ν the kinematic viscosity.
Suppose that x1 and x2 are vectors which contain the velocities and pressure respectively
in the grid points. The system of equations which arises from the discretization of (5.1)
and (5.2) is typically of the form
"

I dtd + M(x1 ) G
D
0

#"

x1
x2

#

=

"

b1
b2

#

(5.3)

where M(x1 ) represents the convective and diffusive terms in the momentum equations,
and D is the discrete divergence operator. The block G is approximately equal to −D T .
The numerical solution of (5.3) for realistic problems is demanding; it requires the best of
the available computing power and numerical algorithms. Therefore, it will be clear that
fast solution methods for this type of equations are urgently required. However, their
solution is non-trivial, because of three aspects:
(a) The presence of the zero-matrix in the lower-right corner which -in physical termsis related to an infinite propagation speed of acoustical waves, implies that the
coefficient matrix in (5.3) is certainly not an M-matrix, and hence a straightforward
sparse incomplete decomposition is not possible.
(b) The submatrix M(x1 ) often contains a dominating skew-symmetric part (for example, if central differences are used for the convective terms), which severely complicates the numerical solution approaches.
(c) The set of equations is non-linear.
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System (5.3) is rarely solved as a whole, and it is very common to take as a starting point
"

I dtd + M(x1 ) G
DM(x1 )
DG

#"

x1
x2

#

=

"

b1
Db1 −

d
b
dt 2

#

(5.4)

Next, an iterative procedure can be built where the non-linear terms in the pressure
equation are put in the right-hand side, and the velocity is set equal to the value of
the previous iterate (pressure-correction approach). In this way one obtains a Poisson
equation for the pressure, which can be solved by a standard Poisson-solver (multigrid,
ICCG, SOR, SLOR, ADI, etc.). For the momentum equation a non-symmetric matrix
(often not an M-matrix) is obtained, which can also be solved by iterative methods. Both
iteration processes are often heavily intertwined. Well-known methods of this type for the
steady-state problem are SIMPLE [32] and its refinements. During the iterative process,
the non-linearity can be taken into account immediately.
In this chapter, we follow a different approach. In order to get rid of the poor coupling
between continuity and momentum equation, we want to solve the complete system (5.3)
as a whole. In the past this approach has rarely been considered, because the complete
matrix requires a large amount of computer storage. Nowadays, the available storage has
increased considerably, and this approach becomes more and more attractive, as a better
convergence may be expected.
Due to the non-linearity, a system of linear equations Ax = b has to be solved repeatedly. These systems are often solved with iterative methods like GMRES [38] or
Bi-CGSTAB [50], which are described in more detail in Section 1.3. In this context, such
a method for solving the linear systems can be looked at as an inner-iteration process
within the Newton-like method which is used to deal with the non-linearity. Iterative
solution of the linear equations has a number of advantages over direct solution: (i) it
enables us to exploit the sparsity of the matrices involved; and (ii) it provides a means of
controlling the accuracy of the solution of the linear systems.
To increase the rate of convergence of the inner-iteration process, one can use an
incomplete LU-decomposition of A as a preconditioner. Chin et al. [9] describe a preconditioned conjugate gradient method for solving the whole system of linear equations.
Their preconditioning technique is based on an incomplete LU-decomposition, and special
attention is given to the numbering of the unknowns in such a way that the fill-in during
the incomplete decomposition process is minimized.
A straightforward construction of an incomplete LU-decomposition of the coefficient
matrix in (5.3) always leads to an enormous fill-in. Therefore, we consider the equivalent
system QAx = Qb, in which Q can be regarded as a pre-preconditioner. Its function
is to obtain a linear system for which one can easily construct a proper preconditioner.
In Section 5.2 a choice for Q is specified which improves with mesh refinement. Also a
method is described to construct a preconditioner for the matrix QA. No restriction is
made with respect to the sparsity pattern of A. Hence the methods can be applied in
case of irregular geometries. A similar type of preconditioning is used by Wittum in a
multi-grid context calling it transforming smoothers [57, 58].
In Section 5.3, we present various computations of the laminar flow over a backward-facing step. It is shown that with an upwind discretization, the technique described above
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Figure 5.1: Location of u, v and p when we use a staggered grid.

works fine, but with central differences, the number of inner-iteration steps increases
strongly. Therefore, in Section 5.4 we describe an alternative preconditioning technique
for the matrix QA. With this technique, one can also use central differences for the
convective terms, and still obtain a reasonable rate of convergence of the inner-iteration
process. In this respect, it is favourable to multigrid approaches where central differences
are problematic.
In Section 5.5 the most successful preconditioning techniques described in this chapter
are used to calculate the flow in a furnace with burning waste and in a driven cavity. The
driven cavity problem is a well-known test problem known from the literature [9, 16].

5.2

Solution strategy

We consider flows in two dimensions governed by the incompressible Navier-Stokes equations. The time-independent flow is governed by the equations
u

∂u
∂u
1 ∂P
∂2u ∂2u
+v
=−
+ ν( 2 + 2 )
∂x
∂y
ρ ∂x
∂x
∂y

(5.5)

u

∂v
1 ∂P
∂2 v ∂2v
∂v
+v
=−
+ ν( 2 + 2 )
∂x
∂y
ρ ∂y
∂x
∂y

(5.6)

∂u ∂v
+
=0
∂x ∂y

(5.7)

where u and v are the velocities in the x-and y-direction respectively, P is the pressure,
ρ is the density and ν is the kinematic viscosity. For incompressible flow, the function ρ
is constant, and we determine the unknown function p = P/ρ instead of P . In the sequel
of this chapter, p will be referred to as the pressure for it is equal to P multiplied with a
constant. Equations (5.5)-(5.7) are discretized on staggered grids with u, v and p defined
on different locations as shown in Fig. 5.1 and described in the MAC (Marker and Cell)
method [55]. Herein ‘→’ and ‘↑’ show where u and v respectively are defined.

74

Chapter 5

Picard iteration.
To deal with the non-linearity of the equations (5.5) and (5.6), we have to use an iterative
method. In order to obtain systems of linear equations which are relatively easy to solve,
we first consider the Picard iteration. Suppose u(n) , v (n) and p(n) are the results after n
iteration steps. Then u(n+1) , v (n+1) and p(n+1) are obtained from the equations
u(n)

∂
∂2
∂2
∂
∂ (n+1)
u
+ v (n) u(n+1) = − p(n+1) + ν( 2 u(n+1) + 2 u(n+1) )
∂x
∂y
∂x
∂x
∂y

(5.8)

u(n)

∂ (n+1)
∂
∂2
∂2
∂
v
+ v (n) v (n+1) = − p(n+1) + ν( 2 v (n+1) + 2 v (n+1) )
∂x
∂y
∂y
∂x
∂y

(5.9)

∂ (n+1)
∂ (n+1)
u
+
v
=0
∂x
∂y

(5.10)

At every step of the Picard iteration a linear system of the form
x(n+1)
b(n+1)
C 1 0 Gx
u
u
  (n+1) 

 (n+1) 
C2 Gy   xv
 0
 =  bv

(n+1)
Dx D y 0
x(n+1)
b
p
p










(5.11)

has to be solved, where Gx and Gy are approximately equal to −DxT and −DyT , respectively.
In the sequel of this chapter we take xu and xv together as x1 , and write (5.11) as
"

A11 G
D 0

#"

(n+1)

x1
(n+1)
x2

#

=

"

(n+1)

b1
(n+1)
b2

#

With an upwind finite-difference scheme for the convective terms, and a standard discretization for the diffusive terms, the block A11 becomes an M-matrix, so that the construction of an incomplete decomposition of it is straightforward (see Meijerink and van
der Vorst [25]). Dx and Dy are discretizations of the first-order derivatives in the x- and
y-direction.
Solving the system of linear equations.
In this chapter no restriction is made with respect to the sparsity pattern of the blocks
A11 , G and D. Therefore, all the non-zero elements have to be addressed indirectly. The
matrix is stored as described in Section 2.2. To solve (5.11), one can use an iterative
(n)
(n)
method suitable for non-symmetric systems. Herein x1 and x2 can be taken as starting
(n+1)
(n+1)
values for x1
and x2
.
The coefficient matrix is singular, because the level of the pressure is not fixed. One
way to overcome this problem is by fixing one entry of the solution, deleting the corresponding rows and columns of A, adjusting the right-hand side, and solving the resulting
system. We have followed a different approach: we subtract from the right-hand side its
orthogonal projection onto the null space of A, and solve the resulting system of linear
equations with a conjugate gradient-like method. This approach gives a slightly better
rate of convergence. (see, for example, [21]).
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The preconditioning technique.
The rate of convergence of the inner-iteration process strongly depends on the eigenvalue
distribution of the coefficient matrices. Therefore, the inner-iteration process is applied
to the equivalent system
C

−1

"

I 0
0 Cq

#"

A11 G
D 0

(n+1)

#"

x1
(n+1)
x2

#

"

I 0
0 Cq

#

One can think of the matrix

=C

−1

"

I 0
0 Cq

#"

(n+1)

b1
(n+1)
b2

#

(5.12)

to be a sort of pre-preconditioner. In the sequel of this chapter we will write this matrix
as Q. The matrix Cq herein has to be chosen in such a way that one obtains a coefficient
matrix QA for which it is relatively easy to construct a proper preconditioner. The
non-singular matrix C should have the following properties:
1. C approximates the block
QA =

"

A11 G
Cq D 0

#

so that the preconditioned matrix C −1 QA has its eigenvalues clustered near 1.
2. For a given vector d we can solve Cy = d in O(N) operations.
3. C has low storage requirements.
Since the coefficient matrix in (5.11) is singular, there will always be an eigenvalue of the
preconditioned matrix which is equal to zero. Hence in this case we will require all the
eigenvalues of C −1 QA except one to be clustered near 1.
If one could succeed in finding a matrix Cq such that Cq D is equal to DA11 , the matrix
C should be an approximation of
"

A11 G
DA11 0

#

Since the block A11 is an M-matrix, we can easily construct an incomplete decomposition
L1 U1 of it, which gives the following possible choice for C
C=

"

I
0
D L2 U2

#"

L1 U1 G
0
I

#

≈

"

L1 U1 G
DL1 U1 0

#

(5.13)

where L2 U2 is an approximation of -DG. The incomplete decomposition of this block is
based on a drop tolerance which depends on the difference between Cq D and DA11 . Since
the matrix product DG does not depend on the solution, the factors L2 and U2 need to
be calculated only once. The construction of L2 and U2 is relatively easy, because DG
is approximately equal to the matrix which arises after a standard discretization of the
Laplace equation. The factors L1 and U1 are adapted only during the first few iteration
steps of the outer-iteration process.
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The choice of the pre-preconditioner.
In practice, it is not possible to find a matrix Cq in such a way that Cq D actually equals
DA11 , but one can try to construct Cq in such a way that Cq D resembles the matrix
DA11 as closely as possible. The choice of Cq is based on the following considerations.
The blocks C1 and C2 in (5.11) are discretizations at u- and v-points respectively of the
same differential operator
∂
∂
∂2
∂2
+v
− ν( 2 + 2 )
∂x
∂y
∂x
∂y
Hence C1 and C2 are approximately the same. Since Dx and Dy are discretizations of
first-order derivatives in the x- and y-direction respectively, and the differential operators
approximately commute when u and v are not strongly varying, the choice of Cq equal
to C1 or C2 gives the desired property. This choice has the nice property that the prepreconditioner will get better when the mesh is refined, because in that case, the matrix
blocks will be more accurate discretizations of the differential operators, and the choice
of Cq is based on the fact that these operators approximately commute. In this chapter
Cq was taken equal to C1 .
u

5.3

Numerical results

To demonstrate the methods of the previous section, we have calculated the time-independent flow in a two-dimensional channel over a backward-facing step. This so-called
backward-facing step problem has become a well-known model problem to test the accuracy and efficiency of incompressible Navier-Stokes solvers [28]. The domain under
consideration is shown in Fig. 5.2. Herein h = 2, H = 3, ltot = 44 and l = 6 meter. At

Figure 5.2: Geometry of the backward-facing step problem.

the entrance of the channel a parabolic velocity profile was prescribed:
u(y) =

4
(h − y)y
h2

At the end of the channel the following boundary conditions were used:
∂u
= 0 and v = 0
∂x
These boundary conditions are based on the hypothesis that the channel behind the step
is long enough for the flow to become parallel, and not to change anymore along the
x-direction. At all the other boundaries the impermeability and no-slip conditions were
used: u = v = 0.
Tables 5.1 and 5.2 show the results of the preconditioning technique described earlier,
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when Bi-CGSTAB and GMRES(M) respectively were used as inner-iteration process for
solving the system of linear equations. From the results it appeared that the value of
M should not be chosen too small, because otherwise GMRES(M) converges only very
slowly. In many cases, a reasonable value for M appeared to be 20. The Reynolds
number, which is defined by Re = UM AX (H − h)/ν, was taken equal to 500. Equations
(5.5) to (5.7) were discretized on an equidistant grid using an upwind finite-difference
scheme for the convective terms. The grid was refined several times by reducing the mesh
sizes in both the x− and y-direction. The first column shows the number of internal
grid points. This number should be multiplied by three in order to obtain the number
of degrees of freedom. The second column gives the average number of non-zero entries
required for the preconditioner per grid point, the third column the total number of
matrix-vector multiplications with the preconditioned matrix, and the fourth column the
number of Picard iteration steps. The CPU-time for the complete calculation is given
in seconds. All computations were performed on an HP-720 work station. In order to
make a comparison with other solvers easier, we also give the number of flops per grid
point required for the complete calculation. The Picard iteration was terminated when
the maximum norm of the difference between two succeeding iteration steps was less than
10−4 . As starting vector for the Picard iteration we took the null vector. Suppose that j
is the index of the inner-iteration method. As a stopping criterion for Bi-CGSTAB and
GMRES(20) the maximum norm of the residual was required to decrease with a factor
tol:
(n+1)
(n+1)
kC −1 Q(Axj
− b(n+1) )k∞ ≤ tolkC −1 Q(Ax0
− b(n+1) )k∞
Herein tol is a parameter which has to be chosen in advance. For small Reynolds numbers,
the outer-iteration process converges very rapidly, and to take full advantage of this rate
of convergence, the solution obtained from the inner-iteration process has to be very
accurate, thus tol has to be chosen relatively small.

Table 5.1: Upwind finite differences, Bi-CGSTAB and Picard iteration. Re=500.
# grdps # entries # mat-vec. # Picard CPU-time # flops/grdp
per grdp
mult.
iter.
×106
504
46.3
234
23
4.3
0.051
1134
49.9
330
32
15.2
0.080
2016
52.2
562
41
47.8
0.143
3150
53.4
742
46
100.4
0.191

The number of non-zero elements required for preconditioning is approximately 17
times the number of degrees of freedom. This is very low compared with the number of
non-zero elements in a complete LU-decomposition.
The number of GMRES iteration steps required per outer-iteration step is less than 20.
Hence it is not necessary to restart the inner-iteration process. Since GMRES minimizes
the 2-norm of the residual over the Krylov subspace, the number of matrix-vector multiplications required per Picard iteration step is minimized. From the difference between
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Table 5.2: Upwind finite differences, GMRES(20) and Picard iteration. Re=500.
# grdps # entries # mat-vec. # Picard CPU-time # flops/grdp
per grdp
mult.
iter.
×106
504
45.2
153
23
3.5
0.042
1134
49.9
262
37
16.2
0.086
2016
52.8
372
42
45.9
0.137
3150
54.7
478
43
106.8
0.203

the third column of Table 5.1 and of Table 5.2, it follows that with Bi-CGSTAB as linear system solver, the number of matrix-vector multiplications is much larger. However,
with GMRES(20) much work has to be done for obtaining an orthonormal basis for the
Krylov subspace. As a consequence, on a scalar machine GMRES(20) is approximately
as expensive as Bi-CGSTAB.
On a vector machine the results can be quite different. This is illustrated by the results
of Table 5.3 which show the CPU-times in seconds measured on a CONVEX C2. Only
one processor of this machine is used.

Table 5.3: CPU-times measured on a CONVEX C2. Upwind discretization. Re=500.
# grid points 504 1134 2016 3150
Bi-CGSTAB 16.1 53.3 163.1 323.5
GMRES(20) 12.4 47.3 116.7 226.7

The computations of GMRES(M) consist mainly of calculating inner products, which
can be vectorized very well. A drawback of GMRES(M) is that computer storage demands become higher with increasing M. Unfortunately, the value of M has to be chosen
relatively large, because otherwise the convergence behaviour is poor, or GMRES(M)
may not converge at all.

5.3.1

Newton’s method

From Table 5.2 one can see that the number of Picard iteration steps is quite large.
Therefore, we want to solve the discretized incompressible Navier-Stokes equations with
Newton’s method [31]. This is one of the most commonly used methods for solving large
systems of non-linear equations. It takes full advantage of first and second derivative
information, and possesses ideal characteristics of local convergence. However, the coefficient matrix arising in the Newton iteration, the Jacobian, contains more non-zero
elements than the coefficient matrix of the linearised system which arises in the Picard
iteration. Moreover, it is more difficult to construct a proper preconditioner for the Jacobian, because the matrix need not be diagonally dominant, even if we use upwind finite
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differences. An alternative is to use an approximation of the Jacobian for which it is easier to construct an incomplete decomposition. However, this approach may deteriorate
the quadratic rate of convergence of Newton’s method. Therefore, in this section we will
consider a preconditioning method for the full Jacobian.
The convective term
v (n+1)
is linearised as
v (n)

∂ (n+1)
u
∂y

∂
∂
∂ (n+1)
u
+ v (n+1) u(n) − v (n) u(n)
∂y
∂y
∂y

(5.14)

This is based on the following observations. Suppose that v (n+1) = v (n) + O(δ), and
∂ (n+1)
∂ (n)
u
=
u + O(δ)
∂y
∂y
then
v (n+1)

∂ (n+1)
∂
∂
∂
u
≈ v (n) u(n+1) + v (n+1) u(n) − v (n) u(n) + O(δ 2)
∂y
∂y
∂y
∂y

The other convective terms are linearised similarly. The term v (n+1) in (5.14) should be
approximated in the ‘→-points’ in Fig. 5.1. By taking for v (n+1) the value defined in the
‘↑-points’, we make an error which is O(h), where h is the largest mesh size. As long as
one uses an upwind discretization for the convective terms, the local discretization error
is also O(h). Hence this approach does not affect the accuracy of the solution very much.
The discretization according to (5.14) leads to a system of linear equations in which
the coefficient matrix A has the block structure




C 1 D1 G x


 D2 C 2 G y 
Dx Dy 0
where D1 and D2 are both diagonal matrices with entries depending on the value of
∂u(n) /∂y and ∂v (n) /∂x, respectively. Those diagonal matrices are not present in the
linear system (5.11). Another important difference with (5.11) is that the block
A11 =

"

C 1 D1
D2 C 2

#

need not be an M-matrix. Hence during the construction of an incomplete decomposition
of A11 , a large amount of fill-in is generated, or the construction may even break down.
Therefore, we make an incomplete decomposition of the block
Ã11 =

"

C̃1 0
0 C̃2

#

(5.15)

Herein Ã11 comes from the upwind discretization of the convective terms and a standard
discretization of the diffusive terms. Of course, it is not practical to make a very accurate
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incomplete decomposition of Ã11 , because in that case the quality of the preconditioner
would be determined completely by the difference between A11 and Ã11 .
An inherent problem is how much precision is required in the solution coming from
the iteration process in each step of Newton’s method. Since the Newton equations
are based on a Taylor series expansion near the solution, it is not desirable to solve
the linearised system very accurately when far away from the solution of the system of
non-linear equations. At the beginning of the solution process, a reasonable estimate
of the search direction may be as effective as the exact search direction itself. Solving
the linear systems too accurately results in a waste of computer time. As the solution
is approached, the search directions have to be be determined more accurately. The
inner-iteration process is stopped when
(n+1)

kC −1 Q(Axj

(n+1)

− b(n+1) )k∞ ≤ tolkC −1 Q(Ax0

−b

(n+1)

)k∞

At the later stages of the Newton iteration tol is decreased in order to take full advantage
of the quadratic rate of convergence.
To test this technique we consider the same problem as in Table 5.1 and use Newton
instead of Picard iteration. The results are shown in Table 5.4.

Table 5.4: Upwind finite differences, Bi-CGSTAB and Newton iteration. Re=500.
# grdps # entries # mat-vec. # Newton CPU-time # flops/grdp
per grdp
mult.
iter.
×106
504
35.4
242
6
3.8
0.045
1134
38.1
336
7
13.4
0.071
2016
39.1
394
8
29.7
0.089
3150
39.1
520
9
62.4
0.119

By comparing these results with those of Table 5.1, we conclude that the number
of outer-iteration steps decreases considerably. However, with Newton’s method each
iteration step requires more inner-iteration steps. This is due to the fact that we make an
incomplete decomposition of Ã11 instead of A11 , which can deteriorate the quality of the
preconditioner. Moreover, in order to take advantage of the quadratic rate of convergence
of the outer-iteration process, the parameter tol has to be chosen smaller, which increases
the number of inner-iteration steps.

5.3.2

Central differences for the convective terms

We will now consider the more realistic case in which a second-order discretization for
the convective terms is used. Consider the following three grid points with corresponding
function values φ− , φ0 and φ+ :
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In the second grid point we want to have a second-order accurate discretization of ∂φ/∂x.
One can use the first term in the right-hand side of the following formula
∂φ
φ+ − φ−
−
=
∂x
h− + h+

1
2

(h+ − h− )

∂2φ
−
∂x2

1
6

h3+ + h3− ∂ 3 φ
+ ...
h− + h+ ∂x3

(5.16)

On first sight the error term with (h+ − h− ) looks a first-order term, but when the grid is
obtained from a transformation xi = f (ξi ), where the points ξi form an equidistant grid
with mesh-size δ, we have
h+ = x+ − x0 = δf ’(ξ0 ) +

1
2

δ 2 f ”(ξ0 ) + . . .

h− = x0 − x− = δf ’(ξ0 ) −

1
2

δ 2 f ”(ξ0 ) + . . .

and one can readily see that the difference (h+ − h− ) is in fact a second-order term. The
term u∂u/∂x will therefore be discretized as
u0

u+ − u−
h− + h+

The other convective terms are discretized similarly. For an exponential grid with a fixed
stretching rate h+ /h− 6= 1, the local truncation error is only of first order. However, in
[53] it is shown that the discretization (5.16) produces acceptable solutions, even when
other discretization schemes, which have a second-order local truncation error, produce
inacceptable results.
To obtain the stationary solution of the incompressible Navier-Stokes equations, we
use the Picard iteration defined by (5.8)-(5.10). Discretizing these equations as described
above leads to the system of linear equations
b(n+1)
x(n+1)
C 1 0 Gx
u
u
 (n+1) 
  (n+1) 

C2 Gy   xv

 =  bv
 0
(n+1)
Dx D y 0
b
x(n+1)
p
p










in which the blocks C1 and C2 have positive elements on the diagonal, because the convective term does not reduce the main diagonal. However, when the mesh Péclet numbers are
larger than 2, these blocks are not M-matrices. Therefore, we again make an incomplete
decomposition of (5.15) instead of the coefficient matrix.
Table 5.5 shows the results for a Reynolds number of 500. The Picard iteration was combined with GMRES(20) as inner-iteration method. To make sure that the mesh Péclet
numbers are small in those regions where the flow is strongly varying, we used a nonuniform grid with the smallest mesh sizes in the recirculation zone. The grid uses the
lines xi = f (ξi ), where the points ξi form a uniform grid on [-1,3], and f was chosen in
such a way that f (−1) = 0, f (0) = 6, f (3) = 44 and f varies only slowly in the neighbourhood of 0. In the y−direction the mesh size is constant. The CPU-times are given
in seconds, and they were measured on an HP-720 workstation.
When the number of inner-grid points is 352, GMRES(20) does not convergence. This
can probably be explained by the fact that, for a coarse grid, the pre-preconditioning
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Table 5.5: Central differences, GMRES(20) and Picard iteration. Re=500.
# grdps # entries # mat-vec. # Picard CPU-time # flops/grdp
per grdp
mult.
iter.
×106
352
792
35.1
3502
85
142.4
1.08
1408
38.2
3265
92
265.4
1.13
2200
40.6
3819
106
560.8
1.53

technique does not work very well. The construction of an incomplete decomposition
of C1 and C2 does not fail, even when these blocks are not M-matrices. The rate of
convergence of both the inner- and outer-iteration method is very slow. Every step of
the outer-iteration process needs more than 35 matrix-vector multiplications, so that
GMRES has to be restarted at least once. In order to improve the convergence rate of
the inner-iteration process, one has to use a better preconditioning technique.

5.4

Improving the preconditioner

Again we use the pre-preconditioner which has been introduced earlier. In this section, we
try to develop a preconditioner which is a more accurate approximation of the coefficient
matrix
"
#
A11 G
(5.17)
Cq D 0
than the matrix product in (5.13). Assuming that L1 U1 is a proper incomplete decomposition of A11 , and L2 U2 is an incomplete decomposition of −Cq D(L1 U1 )−1 G, the matrix
product


L1 U1
Cq D

0
L2 U2



I (L1 U1 )−1 G
L1 U1
≈
0
I
Cq D




G
0



is a proper preconditioner for (5.17). In practice, it is very difficult to construct a preconditioner for the block −Cq D(L1 U1 )−1 G, because (L1 U1 )−1 is not available. Instead a
block D̂ is constructed which is approximately equal to Cq D(L1 U1 )−1 . Since Cq is chosen
in such a way that Cq D is approximately equal to DA11 , D̂ will be similar to the block
D. The construction of an incomplete decomposition of −D̂G is expected to be relatively
cheap, because this block is similar to the coefficient matrix arising from a standard
discretization of the Laplace equation.
Solving D̂ approximately from Cq D = D̂L1 U1 can be done in two steps. First the
block D̃ is solved from
Cq D = D̃U1
(5.18)
and next D̂ is solved from
D̃ = D̂L1

(5.19)
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The matrix D̃ can be constructed row by row in a similar way as the construction of an
ILU(ε)-decomposition, as is described in Section 2.3. Suppose that the elements d˜ij have
been constructed for j <k. We can rewrite (5.18) as follows:
rlik =

k
X

d˜ij ujk

j=1

in which rlik represents the (i, k)-element of the matrix product Cq D, and uik represents
the corresponding entry of U1 . Assuming that all diagonal entries of U1 are equal to 1,
the last equation can be written as
d˜ik = rlik −

k−1
X

d˜ij ujk

(5.20)

j=1

To be able to work with large coefficient matrices, the block D̃ should be sparse. This
can be realized by solving (5.20) only approximately in the following way. Suppose dmax
is the maximum absolute value of the entries in the i-th row of Cq D. When the absolute
value of the right-hand side of (5.20) is less than εdmax , the entry d˜ik is neglected. Herein
ε is a threshold parameter which has to be chosen in advance. Solving D̂ from (5.19) can
be done similarly.
As soon as row i of D̂ has been constructed, row i of L2 and U2 can be calculated,
where L2 U2 is an incomplete decomposition of −D̂G. This can be done in a similar way
as described in Section 2.3.
The construction of an incomplete decomposition of −D̂G as described above does
not require the matrices D̂ and D̃ to be stored in memory: the construction of row i of
L2 and U2 only requires the corresponding rows of D̂ and D̃.
In order to increase the diagonal dominance of Ã11 , we use a time-stepping approach.
The terms ∂u/∂t and ∂v/∂t are discretized according to the backward-Euler scheme, and
to deal with the non-linearity, we use Picard iteration. The time step is chosen large
enough in such a way that the number of outer-iteration steps hardly increases by using
the time-stepping approach.
The preconditioning technique described in this section makes no restriction with
respect to the sparsity pattern of the blocks C1 and C2 . As a consequence, all non-zero
elements have to be addressed indirectly. Hence the construction of the preconditioner
cannot be vectorized. Fortunately, the preconditioner has to be constructed only during
the first few iteration steps of (5.8)-(5.10), because the coefficient matrix hardly changes
at the later stages of this iteration process.
Tables 5.6 and 5.7 show the results of this technique applied to the system of equations
coming from the backward-facing step problem for Reynolds numbers 150 and 500. The
second column gives the average number of entries per grid point required for the preconditioning technique, including the entries of the incomplete decompositions for both A11
and −D̂G. We only list the results of GMRES(20); Bi-CGSTAB performs approximately
as well. For Re = 150 we performed some calculations on a very fine grid in order to
enable us to make a straightforward comparison with some other solvers.
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Table 5.6: Central differences.
# grdps # entries #
per grdp
352
56.1
792
63.0
1408
66.5
2200
67.9
5632
69.0
8800
76.0
12672
87.0

GMRES(20). Re=150. Preconditioner of this section.
mat-vec. # Picard CPU-time # flops/grdp
mult.
iter.
×106
119
21
3.3
0.056
148
22
10.1
0.077
168
22
22
0.094
192
22
41
0.112
271
22
165
0.176
336
22
354
0.241
369
24
585
0.277

Table 5.7: Central differences.
# grdps # entries #
per grdp
352
55.1
792
65.5
1408
69.7
2200
72.3
5632
74.3

GMRES(20). Re=500. Preconditioner of this section.
mat-vec. # Picard CPU-time # flops/grdp
mult.
iter.
×106
815
64
17.5
0.30
536
77
35.9
0.27
555
77
76.4
0.33
656
88
139
0.38
916
87
551
0.59
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From the results it follows that the preconditioning technique described in this section
strongly reduces the number of matrix-vector multiplications required at each step of the
Picard iteration. However, the number of entries in the preconditioner has increased with
almost a factor 2 compared with the results of Table 5.5.
Comparison with other solvers.
In [28] a comparison is found of various computations of the laminar flow over a backward-facing step with Reynolds number 50 and 150. Some authors also gave results for
Re=500. In order to compare the techniques described in [28] with the preconditioning
techniques of this section, we have tried to summarise the results of [28] for Re=150 in
Table 5.8. These results can be compared with those of Table 5.6. It should be mentioned
that Table 5.8 can only give a rough idea of the cost of a particular method, because it
is very difficult to obtain information about exact stopping criteria, which compiler was
used, how well the algorithms vectorize etc. The second column shows which formulation

Table 5.8: Results for the backward-facing step for Re=150 obtained from [28].
name:
method
computer:
CPU-time # grdps # flops/
grdp ×106
Becker ψ-ω FD upwind
Cyber 174
120
1701
0.1
Toumi ψ-ω FD central UNIVAC 1110
360
1782
0.07
Schkalle ψ-ω FD central
Cyber 175
108
3725
0.1
Schkalle ψ-ω FD central
Cyber 175
178
14553
0.04
Durst
uvp FD upwind
Univac 1100
589
1200
0.19
Durst
uvp FD central
Univac 1100
592
1200
0.19
Segal
uvp FE central AMDAHL 470
180
752
0.3
Roose
uvp FE central CDC 750/170
6000
1623
4.0
Donea
uvp FE central AMDAHL 470
1100
580
1.0
Cliffe
uvp FD central
CRAY 1
50
2240
0.4
Cliffe
uvp FE central
CRAY 1
360
11441
0.6

of the equations was used. When the primitive variable formulation was used, this is
indicated with ‘uvp’, and when the method was based on the vorticity-stream function
formulation, this is indicated with ψ − ω. Further, FD and FE indicate the use of either
finite-differences or finite-element methods. The fourth column shows the CPU-time in
seconds on the machine shown in the third column, the fifth column shows the number of
grid points, and the last column shows the number of flops per grid point. This number
has been obtained by first making an estimate of the speed of the specific computer,
and by next calculating the total number of flops from the results of the fourth column.
As mentioned before, the results of the last column are only estimates of the cost of a
particular method.
From this table we conclude that the most efficient solvers are based on the vorticitystream function formulation. This can be explained by the fact that in two dimensions this
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formulation leads to two unknown functions instead of three, and the coefficient matrix
does not have a zero-matrix in the lower-right corner, as is the case in the primitive variable
formulation. However, in three dimensions the vorticity-stream function formulation leads
to six unknown functions, and therefore this approach is only attractive for calculating
two-dimensional flows.
By comparing the results of Table 5.6 with those of Table 5.8, we conclude that the
method of Section 5.4 is almost as efficient as the methods based on the ψ −ω formulation.
This is also demonstrated by the results of Fig. 5.3 which show the number of flops per
grid point required for the methods of Tables 5.6 and 5.8 using central differences.

Figure 5.3: Flops per grid point for several methods using central differences.

5.5

Some other test problems

In order to test the preconditioning techniques of this chapter, we have calculated the
flow in two other examples. The first example concerns the calculation of the flow in a
furnace, and the last example is a well-known test problem taken from the literature.

5.5.1

The flow in a furnace with burning waste

This test problem comes from the Institute of Environmental and Energy Technology of
TNO from the Netherlands. It concerns the simulation of air flow in a furnace which is
used to burn waste. As the combustion process is so complex, and takes place in a poorly
mixed mixture of gases, the combustion is often incomplete, so that carbon monoxide or
other harmful products are formed. In order to improve the combustion process, air is
injected into the furnace through nozzles which are located above the burning waste. The
purpose of these air jets is to enhance the mixing of incomplete burnt gases. As a lot of

Sparse matrix techniques for solving the incompressible...

87

Figure 5.4: Geometry for the second test problem.

air (up to 40% of the total air in the furnace) is injected through the nozzles, and the jet
velocity is high (up to 75 m/s), the flow pattern in the furnace is strongly influenced by
the jets.
We have calculated the flow of a simplified version of the above furnace problem,
consisting of a part of the furnace with only one jet emanating from a corner of the
domain. The incompressible Navier-Stokes equations have been solved in the domain
shown in Fig. 5.4. The area in the neighbourhood of the nozzle has been enlarged as
shown in the left-most picture. The zero-stress boundary condition can be written as
"

1
2

∂v
ν( ∂u
+ ∂x
)
∂y
∂v
−p + ν ∂y

#

=

"

0
0

#

The effect of turbulence was modelled with a uniform eddy-viscosity which was taken
equal to 0.02δ|vjet − vin | (see, for example, [24]). Herein δ gives the width of the jet,
and vin gives the speed of air at the bottom of the furnace. This is the Prandtl mixing
length model. In this way we obtain an eddy-viscosity of 0.17m2 /sec. This is very large
compared with the kinematic viscosity of air which is equal to 0.145 × 10−4 m2 /sec. The
incompressible Navier-Stokes equations were discretized on a 102×202-grid, with constant
mesh-size in the horizontal direction. We used central differences for all derivatives and a
time-stepping approach as described in Section 5.4, which leads to a system of non-linear
equations of the form (5.3) with 60000 unknowns. This system was solved with Picard
iteration combined with GMRES(20) as inner-iteration method. It appeared that with
ν = 0.17m2 /sec, a stationary solution can be found, whereas for smaller values of ν this
is not possible. As a stopping criterion for the Picard iteration we used
(n)

(n−1)

kx1 − x1

k∞ ≤ 10−5

On an HP-720 workstation, the calculation took 29 minutes of CPU-time and approximately 0.5 × 106 flops per grid point. Fig. 5.5 and 5.6 show the calculated flow and
pressure respectively. These figures show that in the recirculation zone the pressure is
lower. The boundary conditions in the neighbourhood of the jet and in the corners are
discontinuous, which is reflected in non-physical behaviour of the pressure in these areas.
However, the influence of these discontinuities is restricted to the direct neighbourhood
of the corners.

5.5.2

The driven cavity problem

The driven cavity problem has become a well-known problem to test solvers for the incompressible Navier-Stokes equations. The problem consists in calculating the flow field
in a square cavity whose top wall moves with a constant velocity U. The domain under
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Figure 5.5: The calculated flow in the furnace.

Figure 5.6: The calculated pressure in the furnace.
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Figure 5.7: Geometry for the driven cavity problem.

consideration and boundary conditions are shown in Fig. 5.7. The Reynolds number is
defined by Re = U/ν. We used a time-stepping approach as described at the end of
Section 5.4.
The preconditioning technique of Section 5.4 has as advantage that it works, even
when central differences are used for the convective terms. However, this technique has
as drawback that it is rather complex: one has to describe how (5.18) and (5.19) are
approximately solved, which requires the choice of a number of parameters. Moreover,
the technique of Section 5.4 requires more computer memory than the preconditioning
technique described by (5.12) and (5.13). An alternative method to obtain second-order
accuracy is to represent the convective terms via a first-order accurate upwind-difference
scheme, including its second-order accurate term in the right-hand side as a deferred
correction [22]. The convective terms are discretized as

or

(n+1)
(n) uj
uj

− uj−1
hx

(n+1)

(n+1)
(n) uj+1
uj

− uj
hx

+

(n+1)

−

(n)
(n) uj−1
uj

− 2uj + uj+1
2hx

(n)

(n)
(n) uj−1
uj

− 2uj + uj+1
2hx

(n)

(n)

(n)

≥0

(n)

<0

uj

(n)

uj

(n+1)

(n)

This scheme has the property that for a converged solution, e.g. when uj
= uj , it
reduces to a central-difference scheme, which is second-order accurate, while it uses the
coefficient matrix of an upwind finite-difference scheme. Thus, we can use the relatively
simple preconditioning technique described by (5.12) and (5.13). We have used this
technique for calculating the flow for the Reynolds numbers 3200, 5000, 7500 and 10000.
We used a non-uniform 130 × 130-grid, thus the number of internal grid points is 16384.
In the neighbourhood of the boundaries the mesh was slightly refined in such a way that
the smallest mesh size is 0.0035. The grid was obtained from a transformation xi = f (ξi ),
where the points ξi form an equidistant grid, and the function f is shown in Fig. 5.8.
When Re = 3200, we took the solution for Re = 1000 as starting vector for the Picard
iteration, and the solution obtained in this way was used as starting vector for Re = 5000.
In this way we proceeded until the solution for Re = 10000 was obtained.
The outer-iteration process was stopped when the maximum norm of the difference
between two succeeding iteration steps was less than 10−6. If one is only interested in
the primary vortex, a larger value of 10−5 can be chosen, which reduces the CPU-time
strongly. However, when the secondary vortices in the corners have to be calculated, the
stopping criterion of the outer-iteration process should be chosen sufficiently small. As
inner-iteration method we used GMRES(30). It was never necessary to restart GMRES.
The results are listed in Table 5.9. Note that here the first column gives the Reynolds
number, and not the number of grid points. It should be mentioned that we do not take
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Figure 5.8: The function which is used for mesh refinement.
advantage of the special geometry of the problem. For this particular problem, the CPUtime can be reduced strongly by using the geometry and the vorticity-stream function
formulation [16]. Hence the method described in this chapter is not as efficient as the
method described in [16].

Table 5.9: Results for the driven cavity problem on a 130 × 130-grid.
Re
# entries # mat-vec. # Picard CPU-time # flops/grdp
per grdp
mult.
iter.
×106
3200
45.1
852
38
1577
0.58
5000
44.2
779
36
1399
0.51
7500
43.9
968
45
1742
0.64
10000
43.0
1980
103
3401
1.24

Fig. 5.9 shows that the secondary vortex in the lower-right corner is very small. Hence
grid refinement near the boundaries is required in order to be able to represent such details
on a 130 × 130-grid. The results agree perfectly well with the results obtained by Ghia et
al. obtained on a uniform 257 × 257-grid [16]. Fig. 5.10 and 5.11 show respectively the
streamlines and the calculated pressure for Re = 10000. The size of the secondary vortex
increases with the Reynolds number, and it appears that in the lower-left corner there is
a secondary vortex as well.

5.6

Conclusions

In this chapter, a preconditioner for the full system of equations arising after linearization of the incompressible Navier-Stokes equations is described. A straightforward sparse
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Figure 5.9: The calculated flow for Re = 3200.
incomplete decomposition for this system is not possible. Therefore, we use a pre-preconditioner. After applying this pre-preconditioner to the system, a sparse incomplete
decomposition of the resulting linear system can be made, which results in savings on
CPU-time and storage compared with direct solution of the linear systems. The preconditioning technique performs well for both upwind and central differences. When upwind
differences are used, the system of equations can be solved very efficiently by using Newton’s method as an outer-iteration method, and by the relatively simple preconditioning
technique described by (5.12) and (5.13). When central differences are used, it is better
to use the preconditioning technique described in Section 5.4. However, this technique
has as drawback that it requires more storage. An alternative is to use the discretization
suggested by Khosla and Rubin [22], which is second-order accurate, while it uses the
coefficient matrix of an upwind finite-difference scheme.
We used both Bi-CGSTAB and GMRES(M). On scalar machines both are equally
efficient, although GMRES(M) has the drawback of requiring more storage. However, on
vector computers, GMRES(M) is more attractive, because a large part of the computations consists of calculating inner products, which vectorizes quite well. The techniques
described in this chapter have no restriction with respect to the sparsity pattern. Hence,
far more complicated geometries than those of the test problems used in this chapter can
be handled. The other side of this generality is that indirect addressing is unavoidable,
which is disadvantageous on some vector computers. However, for regular geometries we
can do without indirect addressing, and good performance on all types of computers is
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Figure 5.10: The calculated flow for Re = 10000.

Figure 5.11: The calculated pressure for Re = 10000.
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6. Grid-independent convergence based on
preconditioning techniques
6.1

Introduction

Today numerical calculations are no longer restricted to a class of simple problems, but
cope with complicated simulations and complex geometries. In many situations, the
accuracy of the numerical solution is determined by the limited amount of computer
power and memory. Therefore, in this chapter we will focus on fast iterative methods
for solving large sparse systems of linear equations like MICCG and algebraic multigrid.
Gustafsson has shown that for several problems the CPU-time using MICCG is O(N 5/4 ) in
two dimensions and O(N 7/6 ) for 3D-problems, where N is the total number of unknowns.
Multigrid methods perform even better, and for a large class of problems they have
an optimal order of convergence: the amount of work and storage is proportional to
the number of unknowns N. However, due to the required proper smoothers and the
restriction and prolongation operators at each level, the implementation of multigrid
techniques for practical problems is much more complicated than that of MICCG. Here
we look for a combination of these properties: an incomplete LU-decomposition so that
the preconditioned system
(LU)−1 Ax = (LU)−1 b
can be solved with the optimal computational complexity O(N) by iterative methods such
as Bi-CGSTAB [50] or GMRES [38]. The basic idea behind this preconditioning technique
is the same as in multigrid methods. Many iteration methods can eliminate high-frequency errors very effectively, but they are inefficient at eliminating long-wavelength errors.
Multigrid techniques use coarser grids in order to remove the low-frequency errors effectively. In Section 6.2 a preconditioning technique is described which uses a partition of
the unknowns based on the sequence of grids in multigrid. After a renumbering of the
unknowns according to this partition, L and U are obtained from an incomplete decomposition based on a drop tolerance as described in Chapter 2. In this technique a splitting
(LU, −R) of A is made, in which the elements rij of the residual matrix R = A − LU
satisfy
|rij | ≤ εij for 1 ≤ i, j ≤ N
Herein εij is a drop tolerance parameter which should be chosen carefully in order to
obtain a proper incomplete decomposition of A. Once εij is chosen, the factors L and U
can be constructed as described in Section 2.3. This construction makes no restriction
with respect to the sparsity pattern of A, and the computational complexity for the
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building of the incomplete decomposition is O(N).
In Section 6.3 results are presented from the above method applied to a large number
of test problems described in the literature. These results show the robustness of the
method. Some theoretical results concerning the convergence properties will be given in
Section 6.4.

6.2

The preconditioning technique

Before an incomplete decomposition of A is made, a renumbering of the unknowns based
on the multigrid idea is performed. Consider a sequence of nested grids Ω1 , Ω2 , . . . , Ωγ ,
where Ωγ ⊂ Ωγ−1 · · · ⊂ Ω1 . If all grids are uniform, Ωm has mesh size 2m−1 h, where h is
the mesh size of the finest grid Ω1 . The set of unknowns at the m-th level is now defined by
Wm = Ωm \Ωm+1 , where Ωγ+1 = ∅. If the numbering within the levels is lexicographical,
and if Dirichlet boundary conditions are used, we obtain for the inner grid points of a
rectangular 8 × 8-grid with constant mesh size:
1
7
10
16
19
25

2
28
11
31
20
33

3
8
12
17
21
26

4
29
13
36
22
34

5
9
14
18
23
27

6
30
15
32
24
35

The points with numbers 1 to 27 belong to the first level W1 . Similarly, the two sets of
points 28 to 35 and 36 belong to W2 and W3 respectively (note that the number of inner
grid points in one direction does not necessarily have to be a power of 2). In Appendix A
an algorithm for the generation of such a numbering is given in the more general case
where the mesh is not uniform. Numbering the unknowns as described above results in a
system of linear equations which can be written as
"

A11 A12
A21 A22

#"

x1
x2

#

=

"

b1
b2

#

(6.1)

where x1 is the vector containing the unknowns of the first level W1 , and x2 those of the
second grid Ω2 . This partitioning of the matrix can be repeated for the matrix in the
lower-right corner until we arrive at the coarsest grid.
Remark 1. In order to obtain factors L and U which enable us to make an efficient
implementation of the statement y := (LU)−1 z on supercomputers, it is advantageous to
use an appropriate choice for the ordering of unknowns within each level. For example,
one can use a red-black ordering.
Fig. ?? shows the sparsity pattern of the coefficient matrix arising after a standard discretization of the Poisson equation on a uniform 10 × 10-grid with Neumann boundary
conditions everywhere. The unknowns have been numbered level for level as described
above, and within the separate levels we have used a red-black ordering. The size of the
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dots represents the absolute value of the corresponding matrix entries. The dashed lines
are added in order to show the block structure of A, which arises after renumbering the
unknowns as described above.
The preconditioning technique consists now of making a splitting A = LU + R in
which the elements rij all satisfy |rij | ≤ εij . We will show that it is advantageous to
choose the drop tolerance small for the block in the lower-right corner. Suppose that εij
can be chosen in such a way that LU has the block structure
"

L1 U1 A12
A21 A22

#

=

"

L1
0
A21 U1−1 A22 − A21 U1−1 L−1
1 A12

#"

U1 L−1
1 A12
0
I

#

(6.2)

This implies that the residual matrix R has the block structure
"

L1 U1 − A11 0
0
0

#

The vector Rx only contains components of the first level. With this type of preconditioner
all low-frequency errors are eliminated immediately, and the iterative method only has
to remove high-frequency errors with a wavelength in the order of the mesh size. As
mentioned before, this can be done very effectively. In Section 6.4 we will prove that for
a discretized Laplace operator, the choice (6.2) leads to a preconditioned matrix with a
condition number which is bounded by 2. Of course, it is not realistic to use (6.2) as a
preconditioner, because this requires the inverse of the block A22 − A21 U1−1 L−1
1 A12 , but it
is possible to choose εij in such a way that one obtains a residual matrix with relatively
small elements rij in the lower-right corner.
In the following we describe our choice for εij . Suppose that A is obtained from a standard
discretization of a Poisson equation in two dimensions on a uniform rectangular grid.
After a renumbering of the unknowns, as mentioned before, we consider the corresponding
block partitioning of the matrix A. The drop tolerance εij is kept constant within each
of the diagonal blocks, e.g. εij = ε(m) . Starting with ε(1) in the first diagonal block,
corresponding with level W1 , we let the drop tolerance decrease by multiplying with
a positive factor c < 1 at each new level. In the lower-triangular part εij is chosen
equal to εii , and in the upper-triangular part it follows from symmetry. Fig. 6.1 shows
the drop tolerance near the diagonal blocks corresponding with Wm−1 and Wm . Herein
ε(m) = cε(m−1) = cm−1 ε(1) . For most problems the choice of ε(1) and c is not very critical.
In 2D-problems c = 0.2 is a reasonable choice, but in 3D-problems the optimal value for
c is smaller. The above choice can also be used very well for different mesh sizes h and k

Figure 6.1: The drop tolerance for isotropic problems.

in horizontal and vertical direction, respectively, as long as h and k have the same order
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of magnitude. When h ≪ k or k ≪ h, it is much better to choose εij as
εij = ε

h2 k 2
(h2 + k 2 )ρ2ij

(6.3)

Herein ρij is the distance between the two grid points with numbers i and j, and ε is a
parameter which has to be chosen in advance (the numerical experiments will demonstrate
that good results are obtained with ε ≈ 0.2). In Section 6.4 we will motivate this choice
for the drop tolerance.
When a non-uniform grid is used, we propose the following choice for the drop tolerance
εij = ε

h2ij kij2
(h2ij + kij2 )ρ2ij

(6.4)

where hij and kij are the minimum of the mesh sizes in respectively horizontal and vertical
direction at points i and j. In the special case where a uniform grid is used with the same
mesh size in the horizontal and vertical direction, (6.4) gives similar results as when εij
is decreased by multiplying with a factor c at each new level as described above. In that
case, it is cheaper to choose εij as shown in Fig. 6.1, because this choice does not require
the distance ρij between the points i and j.
Once the drop tolerance εij is given, the incomplete LU-decomposition of A can be constructed as described in Section 2.3. During the construction of the factors L and U
all elements which are neglected are lumped on the main diagonal as suggested by Gustafsson [17]. When constructing an incomplete Choleski-decomposition of a symmetric
matrix, it is possible to exploit the symmetry as described in Section 2.4. The calculation
time for the construction of the preconditioner can roughly be halved, and the storage
requirements for both A and the incomplete decomposition can be made much lower.
Fig. ?? shows the sparsity pattern of the matrix L + LT arising after the construction
of an incomplete Choleski-decomposition of the coefficient matrix shown in Fig. ??. The
largest part of the factor L is very sparse, but in the lower-right corner the amount of
fill-in increases, due to the decrease in drop tolerance. The residual matrix R is shown in
Fig. ??. Since all black points of the red-black ordering can be eliminated exactly, this
matrix contains non-zero entries only in the lower-right corner.

6.3

Numerical experiments

In order to demonstrate the preconditioning technique described in the previous section,
we show the results of seven different situations. Examples 3 to 5 were taken from [50],
and problem 6 was taken from [11]. All numerical experiments were carried out in double
precision on an HP-720 workstation, and with the iterative method applied to the preconditioned system L−1 AU −1 x̃ = L−1 b, where x̃ = Ux. In all cases, the initial solution
was some random vector.
It appeared to be advantageous to number the unknowns in the separate groups according to a red-black ordering. This numbering has also the advantage that the resulting
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method can be implemented more efficiently on supercomputers. This means that the best
ordering for scalar computers is also optimal for vector and parallel computers. Unless
mentioned otherwise, the preconditioning technique was combined with the conjugate
gradient method when the matrix is symmetric, and with Bi-CGSTAB when the matrix
is non-symmetric. When the sparsity pattern of the factors L and U was chosen in such
a way that all elements of the residual matrix are in absolute value less than ε, this is
indicated with (M)ILU(ε). When the technique described in the previous section was
used, this is indicated with NGIC(ε) or NGILU(ε), where NGIC stands for Nested Grids
Incomplete Choleski. When NGIC(ε) was combined with the conjugate gradient method,
this is indicated with NGICCG(ε). In the first 6 examples, NGILU and NGIC were implemented as shown in Fig. 6.1, where the parameter c was chosen equal to 0.2, except for
the discretized Poisson equation in three dimensions, where c was chosen equal to 0.05.
Only in the last example, where a non-uniform grid was used, we used the drop tolerance
given by (6.4).
When the sparsity pattern of the matrix L + U was taken the same as that of A,
this is indicated with standard (M)ILU. When A stems from a discretization of a steady
convection-diffusion equation in two or three dimensions, and a standard (M)ILU decomposition is used, the matrix-vector multiplication y := L−1 AU −1 x̃ can be implemented
efficiently using the Eisenstat implementation (see Section 1.4), so that this matrix-vector
multiplication requires approximately 11N flops in two dimensions and 15N flops for 3Dproblems. This efficient implementation was used whenever it was possible.
Example 1. The first example shows the results of solving a Poisson equation on the
unit square [0, 1] × [0, 1] with Neumann boundary conditions everywhere. This problem
is of interest in computational fluid dynamics for calculating the pressure. In Chapter 1
this example was also used as a test problem for standard MICCG. Since the level of the
solution is not fixed, the coefficient matrix is singular. Therefore, the conjugate gradient
method was implemented as described in [21]. Table 6.1 shows the convergence behaviour
of the conjugate gradient method for the discretized Poisson equation over a rectangular
M × M-grid with constant mesh size 1/(M − 1). The number of unknowns is M 2 . As a
preconditioning technique we used NGIC(0.2). The second column shows the number of
iteration steps required to fulfil the stopping criterion
kL−1 (b − AL−T x̃(n) )k2 < 10−6 kL−1 (b − AL−T x̃(0) )k2
where x̃(n) = LT x(n) . The third column shows the number of non-zero elements in L
divided by the number of unknowns. The fourth and fifth column show the CPU-times per
unknown necessary for the iteration process and the construction of the preconditioner,
respectively. These times are given in milli-seconds, and they have been measured on
an HP-720 workstation. The last column shows the number of floating point operations
(flops) per unknown necessary for the iteration process. From this table we conclude that
both the number of iteration steps and the number of flops per unknown are approximately
constant. The number of non-zero elements per row necessary for the preconditioner
increases only slightly with M.
The results of the conjugate gradient method combined with several incomplete Choleski-decompositions are summarised in Fig. 6.2. It shows the number of flops per unknown

100

Chapter 6

Table 6.1: Numerical results for the discretized Poisson equation, equidistant M ×M-grid.
M # CG it. # nonz/row CPU-time it. CPU-time prec. flops/unknown
32
8
5.4
0.049
0.049
319
64
9
5.6
0.073
0.049
364
128
9
5.8
0.078
0.051
372
256
9
5.9
0.081
0.055
376
512
9
6.0
0.083
0.059
380

Figure 6.2: Numerical results for a discretized Poisson problem.
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which is necessary for the iteration process versus the number of unknowns. In order to
improve the efficiency of MICCG, we applied the small perturbations of the main diagonal
as described in [21]: before the modified incomplete Choleski-decomposition was made,
all diagonal elements were multiplied with a factor 1 + 10h2 . As shown in Example 1
of Chapter 1, these perturbations decrease the number of MICCG iteration steps considerably. The results of Fig. 6.2 clearly show the effect of choosing different incomplete
Choleski-decompositions. With standard ICCG the number of flops per unknown grows
very strongly with the number of unknowns. Standard MICCG performs much better,
but the amount of work per unknown still grows with mesh-refinement. With NGICCG
as described in Section 6.2, the number of flops per unknown is approximately constant.
In order to demonstrate the technique of Section 6.2 in 3 dimensions, Fig. 6.3 shows the
corresponding results for a Poisson equation on the cube [0, 1] × [0, 1] × [0, 1] with again
Neumann boundary conditions everywhere. We used NGICCG with ε = 0.5, and at every

Figure 6.3: Numerical results for discretized Poisson problem in 3D.
new level the drop tolerance parameter was decreased by multiplying with a factor 0.05.
As mentioned before, in the 3D-case the parameter c has to be chosen smaller than in
two-dimensional problems. Again we see that with NGICCG the amount of work per unknown hardly increases with mesh refinement, but the difference with standard MICCG
is less than in the two-dimensional case. First of all, this is due to the fact that the number of grid points in one direction is significantly smaller. Secondly, the number of flops
using MICCG is O(N 5/4 ) in two dimensions and O(N 7/6 ) for 3D-problems. Thirdly, since
A contains more diagonals than in the 2D-case, the advantage of the efficient Eisenstat
implementation is greater than in two dimensions.
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Example 2. Our second example is Example 3 from Chapter 1 and 2. We consider the
discretized steady convection-diffusion equation
−∆u(x, y) + 1000x3

∂
∂
u(x, y) − 1000y 3 u(x, y) = f (x, y)
∂x
∂y

on the square [0, 1] × [0, 1] with Dirichlet boundary conditions everywhere. For the discretization we used a rectangular grid with constant mesh size 1/(M +1) in both directions,
and central differences for all derivatives. As a stopping criterion we used
kL−1 (b − AU −1 x̃(n) )k2 < 10−10 kL−1 (b − AU −1 x̃(0) )k2
The results of Bi-CGSTAB combined with NGILU(0.2) are shown in Table 6.2. Again the
CPU-times per unknown are given in milli-seconds. The third column shows the number
of non-zero entries in L + U divided by the number of unknowns.

Table 6.2: Numerical results of NGILU(0.2)-preconditioning for Example 2.
M # it. # nonz./row CPU-time it. CPU-time prec. flops/unknown
32
9
16.5
0.19
0.088
918
64
9
15.7
0.23
0.090
889
128
11
13.4
0.25
0.073
986
256
12
11.7
0.28
0.063
994
400
11
11.1
0.25
0.064
884

Even for small values of M, when the mesh-Péclet number is much larger than 2,
the construction of the factors L and U does not break down. However, the number
of non-zero entries in one row of L + U is larger than in Table 6.1. For smaller mesh
sizes the results are similar to those of Table 6.1. Again the number of iteration steps is
approximately constant when the mesh is refined.
We compared standard ILU-preconditioning with ILUkl-preconditioning as described
in Section 1.4. The results are summarised in Fig. 6.4 giving the number of flops per
unknown against the number of unknowns. The results of the standard MILU-preconditioning cannot be shown, because even for M = 128 the construction of the incomplete
decomposition breaks down due to the generation of small elements on the main diagonal.
For M = 256 the construction of the MILU-decomposition can be completed, but BiCGSTAB combined with the resulting preconditioner does not converge.
We observed that the convergence behaviour of Bi-CGSTAB with standard ILU as preconditioner is very irregular, whereas with NGILU(0.2) this behaviour is much smoother.
In case of a very irregular convergence behaviour, the accuracy of the calculated solution
may be spoiled by cancellation effects ([50]).
Example 3. The third example shows the effect of discontinuous coefficients in the partial
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Figure 6.4: Number of flops per unknown for Example 2 on various grids.
differential equation. The system of linear equations stems from a five-point finite-difference discretization of the partial differential equation
−

∂
∂
∂
∂
(D(x, y) u(x, y)) −
(D(x, y) u(x, y)) = 1
∂x
∂x
∂y
∂y

over the unit square, with Dirichlet boundary condition along y = 0, and Neumann
conditions on the other boundaries. The function D(x, y) is defined as
D(x, y) = 1000 for 0.1 ≤ x, y ≤ 0.9

and

D(x, y) = 1 elsewhere.

The equation was discretized on a 151 × 151-grid, hence the number of unknowns N is
equal to 22500. In [49] it is shown that for this problem the conjugate gradient method
loses orthogonality among the residuals in a very early phase of the iteration process. As
shown in [50], it is therefore better to use Bi-CGSTAB as an iterative method, instead of
CG, although the coefficient matrix is symmetric positive definite. Fig. 6.5 shows the 10logarithm of the Euclidean norm of the residuals b − Ax(n) versus the number of flops per
unknown which is necessary for Bi-CGSTAB combined with various preconditioners. This
figure shows that with standard IC or with MIC(0.005), the convergence behaviour can
be irregular. From the results of Fig. 6.5 we conclude that, for this problem, Bi-CGSTAB
combined with NGIC(0.05) is a very efficient method with a convergence behaviour which
is relatively smooth.
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Figure 6.5: Convergence behaviour of Bi-CGSTAB for Example 3.
Example 4. In this example, taken from [50, 56], we consider
−∆u(x, y) + (

∂
∂
(a(x, y)u(x, y)) + a(x, y) u(x, y))/2 = 1
∂x
∂x

on the unit square, with Dirichlet boundary conditions along all boundaries, and a(x, y) =
2
2
20e3.5(x +y ) . The partial differential equation was discretized on a rectangular grid with
constant mesh size 1/201 in both directions. All derivatives were discretized by central
differences. Fig. 6.6 shows the 10-logarithm of the 2-norm of the vector b − Ax(n) versus
the number of flops per unknown for Bi-CGSTAB combined with various preconditioners.
Again we see that with standard (M)ILU, the convergence behaviour can be very irregular,
whereas with NGILU(0.2), this behaviour is very smooth.
Example 5. The following test problem is a simplified aquifer problem and was also taken
from [50]. The non-symmetric system of linear equations stems from the discretization of
the steady convection-diffusion equation
−

∂
∂
∂
∂
∂
(A(x, y) u(x, y)) −
(A(x, y) u(x, y)) + B(x, y) u(x, y) = F (x, y)
∂x
∂x
∂y
∂y
∂x

on the square [0, 1] × [0, 1]. The diffusion coefficient function A(x, y) is given in Fig. 6.7,
in which the dashed area indicates the region in which A(x, y) = 10000. Further we have
that the function B(x, y) is defined by
B(x, y) = 2e2(x

2 +y 2 )
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Figure 6.6: Convergence behaviour of Bi-CGSTAB for Example 4.

Figure 6.7: The diffusion coefficient for Example 5.
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and F (x, y) = 0 everywhere, except for the small square in the center, where F (x, y) =
100. We have Dirichlet boundary conditions along all boundaries as shown in Fig. 6.7.
The partial differential equation was discretized on a rectangular grid with mesh size 1/M,
and we used central differences for all derivatives. The number of unknowns is (M − 1)2 .
Fig. 6.8 shows the number of flops per unknown necessary for Bi-CGSTAB versus the

Figure 6.8: Numerical results for Example 5.
number of unknowns. As a stopping criterion for the iteration process we used
kL−1 (b − AU −1 x̃(n) )k2 < 10−8 kL−1 (b − AU −1 x̃(0) )k2
Again the standard MILU-decomposition breaks down, and therefore no results of this
preconditioning technique can be shown. The construction of the MILU(0.02)-preconditioner does not break down. The results of Fig. 6.8 clearly show the effect of the choice
of the preconditioner. With standard ILU and with MILU(0.02) the number of flops per
unknown increases very strongly with mesh-refinement, whereas with NGILU(0.2) the
amount of work per unknown is approximately constant. With a mesh size of 1/320 in
both directions, the average number of entries in one row of the matrix L + U is 12.4,
and no more than 11 iteration steps of Bi-CGSTAB are necessary in order to fulfil the
stopping criterion.
Fig. 6.9 shows the convergence behaviour of preconditioned Bi-CGSTAB for a mesh
size of 1/200, and again we note the relatively smooth convergence behaviour of the
iterative method combined with NGILU(0.2).
Example 6. The following test problem is the same as Example 2 of Chapter 1 and
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Figure 6.9: Convergence behaviour of Bi-CGSTAB for Example 5 on a 201 × 201-grid.
Chapter 2. For convenience, the partial differential equation has been written down
below once again.
−10−5 ∆u(x, y) + d(x, y)

∂
∂
u(x, y) + e(x, y) u(x, y) = 0
∂x
∂y

with
d(x, y) = 4x(x − 1)(1 − 2y),

e(x, y) = −4y(y − 1)(1 − 2x)

This PDE was discretized on a rectangular grid with constant mesh size 1/(M +1) in both
directions. Using upwind finite differences for the first-order derivatives, the coefficient
matrix becomes a non-symmetric M-matrix. Fig. 6.10 shows the convergence behaviour
of Bi-CGSTAB combined with various preconditioners when a 202 × 202-grid is used.
From the results one can see that Bi-CGSTAB combined with standard ILU stagnates.
One obtains a better preconditioner by allowing more fill-in during the construction of the
incomplete decomposition (ILU(0.01)). Again the technique described in Section 6.2 gives
the best preconditioner: the convergence of Bi-CGSTAB combined with NGILU(0.1) is
about twice as fast as when Bi-CGSTAB is combined with ILU(0.02).
Fig. 6.11 shows the number of flops per unknown necessary for the iteration process
versus the number of unknowns. As a stopping criterion we used
kL−1 (b − AL−T x̃(n) )k2 < 10−8 kL−1 (b − AL−T x̃(0) )k2
From the results of Fig. 6.11 we conclude that with NGILU(0.1), the amount of work
necessary for Bi-CGSTAB increases only slightly with mesh refinement.
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Figure 6.10: Convergence behaviour of Bi-CGSTAB for Example 6 on a 202 × 202-grid.

Figure 6.11: Number of flops per unknown for Example 6 on various grids.
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Table 6.3: Numerical results for Example 6 with NGILU(0.1), c = 0.2.
M # it. # nonz/row CPU-time it. CPU-time prec. flops/unknown
32
6
11.8
0.11
0.049
499
64
7
13.4
0.17
0.073
627
130
10
14.8
0.27
0.096
952
256
12
16.0
0.34
0.124
1200

Table 6.4: Numerical results for Example 6 with NGILU(0.05), c = 0.2.
M # it. # nonz/row CPU-time it. CPU-time prec. flops/unknown
32
5
14.1
0.12
0.068
462
64
8
16.4
0.22
0.105
813
130
7
18.3
0.23
0.134
764
256
11
20.0
0.36
0.183
1276

The numerical results of Bi-CGSTAB combined with NGILU(0.1) and NGILU(0.05)
are shown in Table 6.3 and 6.4, respectively. The second column gives the number of iteration steps necessary to fulfil the stopping criterion. Columns 4 and 5 give the CPU-time
per unknown necessary for the iteration process and the construction of the preconditioner respectively. Again these times are gives in milliseconds and they have been measured
on an HP-720 workstation. The last column gives the number of flops per unknown necessary for the iteration process. From the difference between these tables we conclude
that the choice of ε is not very critical for the CPU-time necessary for preconditioned
Bi-CGSTAB. The results agree quite well with the results obtained in [11] with the best
multigrid code.
Example 7. The convergence rate of multigrid algorithms based on point relaxation
smoothers deteriorates for problems with strong anisotropies. Anisotropic discrete operators arise, for example, in problems in which the differential operator is discretized
on highly stretched grids. Therefore, we tested the convergence of NGICCG for the system of linear equations which arises after the discretization of a Poisson equation on a
highly stretched rectangular grid. We took the same test problem as in [6]. We consider
−∆u(x, y) = f (x, y) on the unit square with Neumann boundary conditions along x = 0
and y = 0, and Dirichlet boundary conditions along the other boundaries. An exponential stretching of an (M + 1) × (M + 1)-grid was used in both coordinate directions. The
stretching was done in such a way that the minimum mesh sizes occur near the boundaries
with Neumann boundary conditions, and the largest mesh sizes occur near the boundaries
x = 1 and y = 1 as shown in Fig. 6.12.
Table 6.5 lists the number of iteration steps of the conjugate gradient method for
various choices of M and hmax /hmin . As a stopping criterion for the iteration process we
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Figure 6.12: The geometry for Example 7.

Table 6.5: Numerical results for Example 7.
hmax /hmin M = 32 M = 64 M = 128 M = 256
10
6 (9.5)
6 (9.7)
7 (9.7)
7 (9.8)
100
5 (10.8) 5 (11.5) 7 (11.2)
9 (11.2)
103
4 (12.1) 5 (16.3) 6 (15.7) 10 (15.1)
4
10
3 (11.6) 4 (15.6) 5 (22.0)
9 (25.1)
5
10
3 (11.0) 3 (15.3) 4 (21.7)
7 (28.4)
106
3 (10.8) 3 (15.0) 5 (22.4)
6 (31.0)

used
kL−1 (b − AL−T x̃(n) )k2 < 10−6 kL−1 (b − AL−T x̃(0) )k2

For the drop tolerance εij we used (6.4) with ε = 0.2. The average number of entries in
one row of L is given between brackets. When a strong refinement of the grid is used, the
factor L contains more elements, but the number of CG iteration steps combined with
the resulting preconditioner is very small.

6.4

Preliminary analysis

In this section, we take a closer look on the condition number of the preconditioned matrix
in case the coefficient matrix A stems from a standard discretization of a Poisson equation
on a rectangular M ×M-grid with constant mesh size h. Hence A has the five-point stencil




−1
1 
−1
4 −1 


4h2
−1

We want to construct an incomplete Choleski-decomposition of A in such a way that the
preconditioned matrix L−1 AL−T has a condition number as small as possible. Although
we only consider the case when A is symmetric and positive (semi-)definite, the results
of Section 6.3 show that the preconditioning technique is of interest for a much broader
class of problems.
We will see that for a certain choice of the drop tolerance εij , the condition number
of L−1 AL−T behaves like O(h−α ) with α < 12 , and that this particular choice of εij is far
from optimal. First we will show that, even if the largest part of L is chosen very sparse,
we still can construct a preconditioner in such a way that cond(L−1 AL−T )≤ 2.
The grid points are divided into 4 parts: the red and black points of the first level, and
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the red and black points of the second level. For example:
∗
◦
∗
◦
∗
◦
∗
◦
∗

◦
⋆
◦
•
◦
⋆
◦
•
◦

∗
◦
∗
◦
∗
◦
∗
◦
∗

◦
•
◦
⋆
◦
•
◦
⋆
◦

∗
◦
∗
◦
∗
◦
∗
◦
∗

◦
⋆
◦
•
◦
⋆
◦
•
◦

∗
◦
∗
◦
∗
◦
∗
◦
∗

◦
•
◦
⋆
◦
•
◦
⋆
◦

∗
◦
∗
◦
∗
◦
∗
◦
∗

◦
⋆
◦
•
◦
⋆
◦
•
◦

∗
◦
∗
◦
∗
◦
∗
◦
∗

◦
•
◦
⋆
◦
•
◦
⋆
◦

∗
◦
∗
◦
∗
◦
∗
◦
∗

◦
⋆
◦
•
◦
⋆
◦
•
◦

First all ‘◦’ are numbered, then all ‘∗’, all ‘•’ and all ‘⋆’-points. Suppose that the main
diagonal of A is scaled to unity, then according to this partition, A has the block structure






I1 A12 A13 A14
A21 I2
0
0
A31 0
I3
0
A41 0
0
I4







(6.5)

where ATij = Aji , and Ij is an identity matrix. We want to make a complete Choleskidecomposition LLT of the matrix A − R in such a way that L is sparse. The residual
matrix R is taken so small that LLT resembles A. We consider a choice of LLT which
leads to a residual matrix with the block structure





R=

0 0
0
0
0 R22 0
0
0 0 R33 0
0 0
0 R44







(6.6)

After eliminating all ‘◦’-points we obtain the Schur-complement




I2 − A21 A12
−A21 A13
−A21 A14

I3 − A31 A13
−A31 A14 
S2 =  −A31 A12

−A41 A12
−A41 A13
I4 − A41 A14
It can easily be verified that A31 A13 =


1
4

I3 and A41 A14 =

1
4

I4 , hence


I2 − A21 A12 −A21 A13 −A21 A14

3
I
−A31 A14 
S2 =  −A31 A12

4 3
3
−A41 A12
−A41 A13
I
4 4

By lumping all off-diagonal elements onto the diagonal, the first diagonal block I2 −A21 A12
is approximated by the diagonal matrix 21 I2 . This implies that R22 = 12 I2 − A21 A12 with
row sums zero. After this modification of the Schur-complement we can easily eliminate
all ‘∗’-points. The next Schur-complement becomes
S3 =

"

3
4

I3 − 2A31 A12 A21 A13
−A31 A14 − 2A31 A12 A21 A14
3
−A41 A13 − 2A41 A12 A21 A13
I − 2A41 A12 A21 A14
4 4

#
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It can be shown that 2A41 A12 A21 A13 = A41 A13 , thus S3 can be rewritten as
S3 =

"

3
4

I3 − 2A31 A12 A21 A13
−2A41 A13

3
4

−2A31 A14
I4 − 2A41 A12 A21 A14

#

Just as before, we approximate the first diagonal block 43 I3 − 2A31 A12 A21 A13 by the
diagonal matrix 12 I3 . Hence R33 = 41 I3 − 2A31 A12 A21 A13 with row sums zero. After
eliminating all ‘•’-points, it follows that R44 is the residual matrix in the approximation
of the Schur-complement
S4 =

3
4

I4 − 2A41 A12 A21 A14 − 8A41 A13 A31 A14

It can be shown that this block is a sparse, positive semidefinite matrix with the nine-point
stencil


−1




−3
−3

1 
 −1
16
−1 


32 

−3
−3


−1

One way to proceed is to lump the entries -1/32 on the main diagonal, make a block
decomposition of the approximate Schur-complement in the same way as in (6.5), and
then make an incomplete decomposition as described above for A. This is exactly the
nested recursive two-level decomposition method described by Axelsson and Eijkhout [4].
They have proved that if the incomplete Choleski-decomposition is made in this way, the
condition number of L−1 AL−T behaves like O(h−0.69 ), where h is the mesh size.
For a system coming from the discretization on an M × M-grid the so-called Repeated
Red-Black (RRB)-method), which has been described by Brand in [7], follows the same
strategy for the first 2 log M levels. When the level number exceeds 2 log M, the drop
tolerance is set to zero. In [7] it has been proven that when A stems from the discretization
of a Poisson equation on a uniform rectangular grid with Dirichlet boundary conditions,
this strategy results in an incomplete Choleski-decomposition which is such that the
condition number of L−1 AL−T behaves like O(h−α ), with α < 21 . This is illustrated
by the results of Table 6.6 giving the number of CG iterations steps combined with RRBpreconditioning necessary to fulfil the stopping criterion
kL−1 (b − AL−T x̃(n) )k2 < 10−6 kL−1 (b − AL−T x̃(0) )k2
We used Neumann boundary conditions everywhere. The mesh size is equal to 1/(M −
1), and the number of unknowns is M 2 . The fourth and fifth column give the CPUtime per unknown for the iteration process and the incomplete Choleski-decomposition,
respectively. These times are measured in milli-seconds on an HP-720 workstation. With
RRB-preconditioning, one does not obtain grid-independent convergence. In [4] the nested
two-level decomposition method is combined with nested polynomial approximations in
order to obtain a method of optimal order of computational complexity. Reusken [35] uses
a slightly different lumping strategy, and combines the incomplete decomposition with a
multigrid technique in order to obtain grid-independent convergence. In this chapter, we
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Table 6.6: Numerical results for the model problem with RRB-preconditioning.
M # CG it. # nonz/row CPU-time it. CPU-time prec. flops/unknown
32
10
5.0
0.049
0.039
375
64
13
5.1
0.103
0.051
485
128
13
5.2
0.104
0.047
491
256
16
5.2
0.128
0.055
599
512
17
5.2
0.138
0.064
638

follow a different approach: we make a more accurate incomplete Choleski-decomposition
of the Schur-complement S4 . Table 6.7 shows the results when this block is approximated
with an NGIC(0.01)-decomposition as described earlier. At every additional level the
drop tolerance is decreased by multiplying with a factor c = 0.2 (this is the standard
choice for c which is used in most of the numerical experiments in Section 6.3).

M
32
64
128
256
512

Table 6.7: Numerical results with an NGIC(0.01)-decomposition of S4 .
# CG it. # nonz/row CPU-time it. CPU-time prec. flops/unknown
8
5.6
0.049
0.049
327
8
6.0
0.071
0.061
341
8
6.2
0.073
0.061
348
8
6.3
0.077
0.071
352
8
6.4
0.081
0.080
355

In the sequel of this chapter we write A1  A2 if the matrix A2 −A1 is positive semidefinite,
and A1 ≺ A2 if A2 − A1 is positive definite.
Theorem 3 Suppose that the non-singular matrix A stems from a standard discretization of the Poisson equation on a rectangular grid with constant mesh size, and that
after renumbering of the unknowns and scaling, A has the block structure shown in (6.5).
Furthermore, suppose that LLT is an incomplete Choleski-decomposition of A, and R =
A − LLT has the block structure


with R22 =

1
2






0 0
0
0
0 R22 0
0
0 0 R33 0
0 0
0 R44

I2 − A21 A12 , and R33 =
R44 

1
4

1
4







I3 − 2A31 A12 A21 A13 . If, in addition, R44 satisfies
I4 − 2A41 A12 A21 A14

then all eigenvalues λ of L−1 AL−T satisfy 1 ≤ λ ≤ 2.

(6.7)
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Remark 2. It can easily be shown that the block 14 I4 −2A41 A12 A21 A14 can be represented
by the five-point stencil


−1
−1
1 

4


32
−1
−1

so that it follows that this block is positive semidefinite.
To prove Theorem 3 we need the following lemmas:

Lemma 1 Let the incomplete Choleski-decomposition of the non-singular matrix A be
given by LLT = A − R. If R  0 and A − αR  0 for α > 1, then
I  L−1 AL−T 

α
I
α−1

and hence the condition number of L−1 AL−T is bounded by α/(α − 1).
Remark 3. Suppose that A is an M-matrix, and L results from a modified incomplete
decomposition of A as described in [17]. In that case R has non-positive elements outside
the main diagonal and row sums zero. Hence from Gerschgorin’s theorem it follows that
the condition R  0 is fulfilled.
Proof of Lemma 1: first we prove that all eigenvalues λ of L−1 AL−T satisfy 1 ≤ λ. From
LLT = A − R it follows that L−1 AL−T = I + L−1 RL−T , and together with R  0 we
obtain I  L−1 AL−T .
A − αR  0 implies that A − α(A − LLT )  0, hence (1 − α)L−1 AL−T + αI  0, and
this proves Lemma 1. 2
Lemma 2 Suppose that a symmetric matrix is partitioned as
"

E B
BT C

#

where E and C are square and positive definite. This matrix is positive semidefinite if
and only if C  B T E −1 B. It is positive definite if and only if C ≻ B T E −1 B.
The proof of this lemma can be found in [19]. As a consequence, we obtain
Lemma 3 Suppose that E and C are square and positive definite. Then C  B T E −1 B
if and only if E  BC −1 B T , and C ≻ B T E −1 B if and only if E ≻ BC −1 B T .
Proof of Theorem 3.
Suppose that 1 < α < 2. Since R is positive semidefinite, it follows with Lemma 1 that
A − αR  0 is sufficient for having
I  L−1 AL−T 

α
I
α−1
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It can be shown that, under the conditions of Theorem 3, the blocks Ij − αRjj for j = 1,
2 and 3 are all positive definite. Hence we can apply Lemma 2 and 3 with E = I1 to show
that A − αR  0 is equivalent to
A12 (I2 − αR22 )−1 A21 + A13 (I3 − αR33 )−1 A31 + A14 (I4 − αR44 )−1 A41  I1
In the following we will show that, under the conditions of Theorem 3, this holds. Since
R22 is positive semidefinite and α < 2, it follows that αR22  2R22 . This last equation
can be rewritten as 2A21 A12  I2 − αR22 , and by applying Lemma 3 it follows that this
is equivalent to
A12 (I2 − αR22 )−1 A21  21 I1
Therefore, it suffices to prove that

A13 (I3 − αR33 )−1 A31 + A14 (I4 − αR44 )−1 A41 
⇐⇒

h

A13 A14

i

"

(I3 − αR33 )
0

−1

0
(I4 − αR44 )−1

1
2

#"

I1
A31
A41

#



1
2

I1

From Lemma 3 it follows that this is equivalent to
2

"

A31
A41

#

h

A13 A14

i



"

I3 − αR33
0
0
I4 − αR44

#

Using A31 A13 = 14 I3 and A41 A14 = 41 I4 , and by using the definition of R33 , this can be
rewritten as
#
"
( 12 − 14 α)I3 + 2αA31 A12 A21 A13 −2A31 A14
0
(6.8)
1
−2A41 A13
I − αR44
2 4
It is sufficient to prove (6.8) for R44 replaced by its upperbound, so that it suffices to
prove that
1
4

"

(2 − α)I3 + 8αA31 A12 A21 A13
−8A31 A14
−8A41 A13
(2 − α)I4 + 8αA41 A12 A21 A14

#

0

(6.9)

It can be proven that this matrix can be represented by the stencil




α
−4
α
1 

 −4 16 − 4α −4 
32
α
−4
α

with meshsize 2h. The eigenvalues of this matrix can be found by substituting a Fourier
component exp (i(f1 x + f2 y)). Hence it follows that the eigenvalues are given by
λk,l =

1
32

(16 − 8(a + b) − 4α + 4αab)

(6.10)

where a = cos kπ2h and b = cos lπ2h. One can easily prove that all eigenvalues given by
(6.10) are not negative, so that (6.9) holds. Hence we have shown that, for 1 < α < 2,
the condition (6.7) is sufficient for having
I  L−1 AL−T 

α
I
α−1
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This can be shown for α chosen arbitrarily close to 2, which completes the proof of
Theorem 3. 2
Remark 4. Theorem 3 shows that, even if the largest part of L is chosen very sparse,
we still can obtain an incomplete Choleski-decomposition such that cond(L−1 AL−T )≤ 2.
However, it should be noted that the condition on R44 in Theorem 3 is difficult to check.
Choice of the drop tolerance.
Now we want to motivate the choice of the drop tolerance. Though the approach is
heuristic, more insight in the behaviour of the algorithm is obtained in the course of this
derivation.
The criterion is based on Lemma 1, hence for some α > 1 we try to find a condition which
assures that A − αR is positive semidefinite. Our starting point will be the necessary
condition for this requirement that
uTk (A − αR)uk ≥ 0
where uk is a normalized eigenvector of A. This condition is sufficient if the eigenvectors
uk are equal or sufficiently close to the eigenvectors of A − αR. As we need indices below
for other purposes, we denote uk by q, and rewrite our condition in the form
αq T Rq ≤ λ

(6.11)

where λ is the corresponding eigenvalue to q. Note that (6.11) is a strong requirement for
low-frequency components. E.g., for the constant eigenvector with eigenvalue λ = 0, we
see that Gustafsson’s modification is necessary. We observed that R is of near block-diagonal form. Therefore, we restrict our analysis to the strict block-diagonal form


R=














0
R22
R33
R44

..

.
Rγγ

Consider q T Rq. From (6.12) it follows that
T

q Rq =

γ
X












qiT Rii qi

i=2

where, using the same partition, q = [q1 , q2 , . . . , qγ ]T . Next suppose that
qiT Rii qi ≤ µi qiT qi
then
q T Rq =

γ
X
i=2

qiT Rii qi ≤

γ
X
i=2

µi qiT qi

(6.12)
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Now, for all i it holds that qi is a restriction of q to a coarser grid. For a smooth eigenvector
q, one can find a smooth eigenfunction u(x, y) of the partial differential equation, such
that the components of the vector q are given by the value of u(x, y) in the grid points. In
that case, both q T q and qiT qi represent, up to a factor, an approximation to the integral
Z

1

0

Z

1

0

u(x, y)dxdy

The ratio between these two approximations can be found by substituting a constant in
the respective integration rules, thus it is approximately equal to the ratio of the lengths
of the vectors q and qi . Hence qiT qi ≈ 2−i (e.g. q1 has about half the length of q).
Furthermore, suppose that µi = µ0 β i and qiT qi ≤ 2−i , then
T

q Rq ≤ µ0

γ
X

2−i β i =

i=2

1
4

µ0 β 2

γ
X

(β/2)i−2 =

i=2

Now if β < 2 then for all γ
q T Rq ≤

1
4

µ0 β 2

1 − (β/2)γ−1
1 − β/2

µ0 β 2
4 − 2β

Hence, under the assumptions made, condition (6.11) is satisfied if
µ0 β 2
< λ/α, α > 1
4 − 2β
It should be noted that the condition β < 2 allows a growth of µi with i. Furthermore
we observed that far enough away from the boundaries the blocks Rii have a very regular
structure and constant coefficients. This allows us to use Fourier analysis in order to
obtain µi . Note also that for our model problem the eigenvectors q are in fact Fourier
components with a special choice for the frequency.
Hence, we approximate Rii by a linear combination of elementary symmetric finitedifference stencils. In our current algorithm all contributions to Rii are balanced. More
P
precise, define µi = δj where the sum is over all stencils, then the eigenvalues δj satisfy
the condition
δj < δmax = ε̂λ,
for all j
(6.13)
Hence the stencil is allowed in Rii if (6.13) holds, otherwise it should be included in the
decomposition. In the numerical experiments we observed a moderate growth of fill-in
with increasing i. Hence µi will grow with the number of significant stencils, but this
increase is not so large that β = µi+1 /µi ≥ 2. In the following we will make condition
(6.13) more specific.
Suppose that A stems from a standard five-point discretization of a Poisson equation on an
Mx × My -grid with mesh size h and k in the horizontal and vertical direction respectively.
When the diagonal is scaled to unity, A has the five-point stencil

2(h2



1

 −k 2
2
+k )

−h2
2(h2 + k 2 ) −k 2 

−h2
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The eigenvalues for a Fourier component exp (i(f1 x + f2 y)) for this stencil are
1
[2(h2 + k 2 ) − 2k 2 cos f1 h − 2h2 cos f2 k]
2(h2 + k 2 )
2
[k 2 sin2 ( 21 f1 h) + h2 sin2 ( 21 f2 k)]
=
2
(h + k 2 )

λA (f1 , f2 ) =

(6.14)

where |f1 h|, |f2 k| < π. Suppose that Rii is the sum of stencils of the form


ǫ


−1

4

−1

−1
−1





with mesh sizes nh and mk in the horizontal and vertical direction respectively. Here,
n or m may be zero! Note that we may take the sum of the coefficients equal to zero,
because the row sums of R are zero. The eigenvalue δj of this stencil is given by
δj (f1 , f2 ) = 4ǫ[1 − cos f1 nh cos f2 mk]
= 8ǫ[sin2 ( n2 f1 h) + sin2 ( m2 f2 k) − 2sin2 ( n2 f1 h)sin2 ( m2 f2 k)]

(6.15)

Now δj (f1 , f2 ) can be bounded from above by
δj (f1 , f2 ) ≤ 8ǫ[sin2 ( n2 f1 h) + sin2 ( m2 f2 k)]
≤ 8ǫ[n2 sin2 ( 21 f1 h) + m2 sin2 ( 12 f2 k)]

(6.16)

Note that in the first step equality occurs only if nf1 h or mf2 k is a multiple of π, and in
the second step if f1 = f2 = 0. The second step holds only because of the limitations put
on f1 h, f2 k given below equation (6.14).
Condition (6.13) is, in this specific case, δj (f1 , f2 ) < ε̂λA (f1 , f2 ). This is certainly true
if it holds for δj replaced by the upper bound (6.16), hence if
ǫ<

ε̂(k 2 sin2 ( 21 f1 h) + h2 sin2 ( 12 f2 k))
4(h2 + k 2 )(n2 sin2 ( 12 f1 h) + m2 sin2 ( 12 f2 k))

In its turn this condition is certainly fulfilled if
ǫ<

1
1
ε̂h2 k 2
min (
,
)
2
2
2
4(h + k )
(nh) (mk)2

We obtained slightly better results with the following choice
ǫ<

ε̂h2 k 2
4(h2 + k 2 )(n2 h2 + m2 k 2 )

In our implementation with varying meshes we use
εij = ε

h2ij kij2
(h2ij + kij2 )ρ2ij

(6.17)
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Herein hij and kij are the minimum of the mesh sizes in respectively horizontal and vertical
direction at points i and j, ρij is the distance between the two grid points with numbers
i and j, and ε is a parameter which has to be chosen in advance. As mentioned before,
in the special case of a constant mesh size in both directions, it is cheaper to choose εij
as shown if Fig. 6.1. From (6.17) it follows that c should be less than 14 .
Numerical verification of the condition number.
To obtain insight in the condition number of L−1 AL−T , we have computed the maximum
eigenvalue of this matrix, which is according to Lemma 1 equal to the spectral condition
number, by an iterative method. The coefficient matrix results from a standard fivepoint discretization of the Poisson equation on a rectangular grid with constant mesh size
1/(M + 1). We used Dirichlet boundary conditions everywhere. At every new level the
drop tolerance ε was decreased by multiplying with c = 0.2. The results are summarised
in Fig. 6.13 which shows the computed largest eigenvalue versus M. For comparison, we
also give the results of the RRB-method. From these results we conclude that with the

Figure 6.13: Condition number of L−1 AL−T versus M.
RRB-method the condition number of L−1 AL−T increases only very slightly with meshrefinement. With NGIC(0.2) and NGIC(0.1) the results are even better: the condition
number hardly increases with mesh-refinement. The calculated largest eigenvalues of
L−1 AL−T for various preconditioning techniques are listed in Table 6.8. The average
number of entries in one row of L is given in brackets. From the results we conclude that
when c = 0.1 and ε = 0.2, the difference between 2 and the largest eigenvalue behaves
like O(h2 ). From the difference between the last two columns of this table we conclude

120

Chapter 6

Table 6.8: Calculated condition numbers of
M
RRB
NGIC
NGIC
ε = c = 0.2 ε = 0.1, c = 0.2
32 2.39(5.0) 1.990(5.2)
1.577(6.9)
64 3.00(5.1) 2.162(5.5)
1.762(7.5)
128 3.73(5.2) 2.378(5.7)
1.898(7.8)
256 4.63(5.2) 2.532(5.9)
1.990(8.0)
512 5.73(5.2) 2.647(6.0)
2.057(8.2)
1024 7.07(5.2) 2.724(6.0)
2.102(8.2)

L−1 AL−T .
NGIC
ε = 0.2, c = 0.1
1.98992(6.4)
1.99753(7.1)
1.99939(7.7)
2.000(8.1)
2.000(8.3)
2.000(8.4)

that the choice of the parameters ε and c is not very critical.

6.5

Conclusions and discussion

In this chapter, a preconditioning technique is described which shows grid-independent
convergence when combined with any conjugate gradient-like method. This technique
is relatively easy to implement. Only an incomplete LU-decomposition of A has to be
made. Essential in the method is the choice of a drop tolerance controlling the size of
R = A − LU and the ordering of the unknowns. The ordering is similar to that in
multigrid approaches and makes it possible to construct an incomplete LU-decomposition which can be used in eliminating effectively both high- and low-frequency errors.
For model problems, an expression for the drop tolerance has been derived in such a
way that the condition number of the preconditioned matrix has a small upperbound
independent of the dimension of the system. Similar expressions for less trivial problems
seem to be possible. The method is demonstrated on a variety of well-known elliptic
test problems described in the literature. These include strongly varying coefficients,
advective terms and grid refinement. In all cases, the method is much cheaper than
standard (M)ICCG. This difference is more pronounced for the really difficult problems
and increases with the dimension. The convergence behaviour is, in contrast to that of
standard (M)ICCG, always smooth, which is advantageous to the construction of stopping
criteria when the linear solver is used as an inner-iteration method, for example, within
some inexact Newton method.
The computational work consists of three parts: the construction of the preconditioner,
its application, and the number of iterations steps. From the numerical experiments we
conclude that the construction of the preconditioner grows linearly with the number of
unknowns. Its application is linear with the fill-in. This fill-in is about a factor two larger
than that of A, which is modest and comparable to that of a standard ILU-decomposition.
With the present method an iteration step is significantly cheaper than one multigrid step,
due to additional smoothing operations needed in the latter method. Some preliminary
results show that the number of iterations steps is comparable, and hence, in many cases,
the computational work of the present method is less than that of multigrid.
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In our view, the results in this chapter show the potential of the introduced method.
Of course, more analysis (e.g. rigorous convergence proof) and further optimization (e.g.
choice of the drop tolerance and ordering of the unknowns) is needed. Moreover, implementations on modern computers which exploit the parallelism present in the algorithm
must be studied. A different topic is the application of these ideas to problems which are
far from elliptic, such as the Navier-Stokes equations. Research on these subjects is in
progress.

A

Renumbering of the grid points

Consider a non-uniform rectangular Mx ×My -grid. Let the set of all grid points be denoted
by ΩT , and suppose that this set is the Cartesian product of two sets XT and YT , where
XT and YT contain all x- and y-coordinates respectively. The first step is to divide XT
into a number of subsets using a bisection-like method. The first set is given by
(1)

(1)

X1 = {x1 , x2 }
(1)

(1)

where x1 and x2 are the smallest and the largest element of XT , respectively. The
second set is obtained from X1 as follows
(1)

(1)

(1)

(1)

X2 = X1 ∪ {ξ ∈ XT |x1 < ξ < x2 , and |ξ − (x1 + x2 )/2| is minimal.}
(k)

We continue in this manner in the following way: suppose that Xk = {x1 , . . . , x(k)
nk } is
(k)
(k)
(k)
ordered in such a way that x1 < x2 < · · · xnk . Next Xk+1 is defined as follows.
(k)

Xk+1 = Xk ∪ {ξ ∈ XT |there are two points xj
(k)

(k)

(k)

(k)

and xj+1 in Xk such that

(k)

xj < ξ < xj+1 , and |ξ − (xj + xj+1 )/2| is minimal}

This process is stopped until a set Xk is obtained which equals XT , so that we construct
the subsets X1 . . . Xk in such a way that X1 ⊂ X2 · · · Xk−1 ⊂ Xk = XT . Now we perform
the same steps for the set YT , hence we construct the subsets Y1 . . . Yl in such a way that
Y1 ⊂ Y2 · · · Yl−1 ⊂ Yl = YT .
Herewith the set of grid points ΩT is divided into the subsets
Ω1 = X1 × Y1 ,
Ω2 = (X2 × Y2 )\Ω1
..
.
Ωn = (Xn × Yn )\Ωn−1
Herein we assume that Xk+j = XT and Yl+j = YT for j > 0. We continue in this way
until all grid points are in some subset Ωi . Finally, the renumbering of the grid points
consists now of first numbering all elements of Ωn , then all elements of Ωn−1 and so on.
In the special case of a constant mesh size, it is not necessary to look for the minimum
(k)
(k)
of |ξ − (xj + xj+1 )/2|. Suppose that a grid with constant mesh size consists of the grid
points
(xi , yj ), 1 ≤ i ≤ Mx , 1 ≤ j ≤ My
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Algorithm 6.1. Renumbering of the grid points of a uniform rectangular grid.
N := Mx × My ;
count := 0;
st := 1;
tw := 2;
REPEAT
switch := tw;
FOR i := st STEP st TO Mx DO
BEGIN IF switch = st THEN switch := tw
ELSE switch := st;
FOR j := st STEP switch TO My DO
BEGIN count := count + 1;
numb[i, j] := count
END {j-loop}
END; {i-loop}
st := tw;
tw := 2 ∗ st
UNTIL count = N;

In that case, the renumbering can be done efficiently by Algorithm 6.1. After this algorithm has been executed, the integer numb[i, j] contains the new number of the point
(xi , yj ).
As mentioned before, we can choose a red-black ordering within each level, which enables
us to make a more efficient implementation of the statement y := (LU)−1 z on supercomputers. This can be done, for example, by defining those grid points (xi , yj ) with i + j
even as the red points, and the remaining points as the black points. From numerical
experiments it appeared that this renumbering within the separate levels has only little
effect on the number of iteration steps.

7. Conclusions and suggestions for future
research
In this thesis, we have considered the development of preconditioners for large sparse
systems of linear equations Ax = b. Primarily, we have studied preconditioners based on
incomplete decompositions.
In Chapter 1, we have shown that for many problems, conjugate gradient-like methods
combined with a proper preconditioner perform significantly better than stationary iterative methods such as Jacobi, Gauss-Seidel and SOR. In Chapter 1 we also have considered
some preconditioning techniques for matrices with a very regular sparsity pattern. When
A is symmetric positive definite, it appeared that in most cases the system can be solved
efficiently by the MICCG-method, in which the sparsity pattern of L + LT is the same as
that of A. This regular sparsity pattern enables us to implement the MICCG-method efficiently on supercomputers, and to use the Eisenstat implementation for the matrix-vector
multiplication.
When the coefficient matrix stems from a discretization of a steady convection-diffusion equation with dominating convective parts, both the robustness and efficiency of
the preconditioner can be improved by allowing some extra fill-in in the factors L and U.
In the next chapter, we have described a preconditioning technique which can be used
for non-symmetric matrices with an arbitrary sparsity pattern. This allows the use of
complicated geometries and an irregular node numbering. Once the sparsity pattern of
L + U is prescribed, Algorithm 2.3 calculates the incomplete decomposition. In Chapter 2
we also have described an ILU-decomposition in which the sparsity pattern of L + U is
based on a threshold parameter ε. In this technique, which is denoted by ILU(ε)-preconditioning, a splitting (LU, −R) of the scaled matrix is constructed, in such a way that all
entries of R are in absolute value smaller than ε. When neglecting the effect of roundoff
errors, we make an exact decomposition of the matrix A − R.
In Chapter 3, three different methods for constructing the sparsity pattern of L + U have
been described and compared with each other, using a model for the computation of the
temperature distribution in a block of concrete. From several numerical experiments it
appeared that ILU(ε)-preconditioning gives the best preconditioners. It appeared that
with the latter technique, the construction of the preconditioner grows linearly with the
number of unknowns. The choice of ε is not very critical, and all values in the range 0.001
to 0.01 perform well. Many practical problems (for example, time-dependent problems)
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require the solution of a large number of linear systems in which the coefficient matrices
do not differ very much. In such cases, it is possible to use the same preconditioner several
times, and choosing a relatively small value for ε can be favourable.
From several numerical experiments it appeared that ILU(ε)-preconditioning performs
very well on scalar machines, because it strongly reduces the number of floating point operations. However, a drawback of this technique is that the sparsity pattern of L and U
can be irregular, even when A has a very regular sparsity pattern. Hence all non-zero
entries have to be addressed indirectly, which can be disadvantageous to the efficiency on
supercomputers. More research is necessary for developing an incomplete decomposition
in which the sparsity pattern of L + U is based on a drop tolerance, but also chosen in
such a way that indirect addressing can be avoided.
When the coefficient matrix has a regular sparsity pattern, an alternative to avoid indirect addressing is to use a so-called standard (M)ILU-decomposition, e.g. an incomplete
decomposition in which the sparsity pattern of L + U is taken the same as that of A.
In many cases, this strategy can be combined with level-scheduling in order to deal with
the recursive character of algorithms for solving the lower- and upper-triangular systems.
In Chapter 4, we have compared this technique with MILU(ε)-preconditioning on three
different computers: an HP-720, a Convex C2 and a NEC SX-3. The systems of linear
equations arising in a numerical model for Boussinesq equations were used as test problems. The efficiency of a particular preconditioner strongly depends on the choice of the
computer. On a scalar machine like the HP-720, (M)ILU(ε)-preconditioning performs
best, because with this technique, the total number of floating point operations is relatively small. On the CONVEX and the NEC, this technique performs poorly, due to the
indirect addressing. On these computers, level-scheduling strongly improves the efficiency
of standard (M)ILU-decompositions, so that on these machines, it is much better to use
the latter technique.
In Chapter 4, we also used polynomial preconditioning techniques, which lend themselves more naturally for implementation on supercomputers. On the Convex, a standard
(M)ILU-decomposition combined with level-scheduling performs better than a polynomial preconditioner, whereas on the NEC SX-3, the latter appeared to be slightly more
efficient than the first. However, standard (M)ILU combined with level-scheduling is a
proper choice on all three computers, whereas on a sequential machine polynomial preconditioning performs poorly.
In Chapter 5, we have described a preconditioning technique for the full system of equations arising after linearization of the incompressible Navier-Stokes equations. Since a
straightforward sparse incomplete decomposition for this system is not possible, we developed a pre-preconditioner. After applying this pre-preconditioner to the system, a sparse
incomplete decomposition of the resulting linear system can be made in a similar way
as the construction of the factors L and U of the ILU(ε)-preconditioning described in
Chapter 2. This preconditioning technique performs well for both upwind and central
differences.
No restriction is made with respect to the sparsity pattern of the coefficient matrix.
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Hence this approach can be successful, even when the geometry of the domain under
consideration is very complex. A drawback of this generality is that again indirect addressing is unavoidable, which is disadvantageous to an efficient implementation on vector
and parallel computers. However, for simple geometries like a rectangle or an L-shaped
domain, we can obtain a coefficient matrix with a regular sparsity pattern. More research
is required for developing algorithms which can exploit this sparsity pattern, so that the
preconditioner can be implemented efficiently on all types of computers.
In Chapter 6, a preconditioning technique is described which shows, in many cases, the
optimal order of computational complexity when combined with any conjugate gradientlike method: the number of iterations steps does not increase with mesh refinement. This
leads to a method which is much easier to implement than multigrid techniques, where
proper smoothers and restriction and prolongation operators are required. The new preconditioning technique only requires an ordering of the unknowns based on the different
levels of multigrid, the choice of a drop tolerance controlling the size of R = A − LU, and
an incomplete LU-decomposition as described in Chapter 2. Therefore, this technique is
referred to as Nested Grids ILU-decomposition (NGILU). The reordering enables us to
choose the drop tolerance in such a way that both high- and low-frequency of the error
can be eliminated.
For model problems, an expression for this drop tolerance has been derived in such
a way that the condition number of the preconditioned matrix has a small upperbound
independent of the dimension of the system. Several numerical experiments demonstrate
that the NGILU-decomposition is of interest in much more general cases, for example,
when the mesh size is far from constant, or when the PDE contains dominating convective
parts. As is clearly demonstrated by Fig. 6.8 and 6.9, the convergence rate of Bi-CGSTAB
combined with an NGILU-decomposition is excellent, even when the coefficients in the
PDE are strongly discontinuous. The results show that the convergence behaviour of
a CG-like method combined with NGILU is always smooth. This is advantageous to
the construction of stopping criteria when the linear solver is used as an inner-iteration
method, for example, within some inexact Newton method.
Of course, more analysis (e.g. rigorous convergence proof) and further optimization
(e.g. choice of the drop tolerance and ordering of the unknowns) is needed. In the present
method, the renumbering of the unknowns is based on a rectangular grid. An algorithm
in which a similar renumbering is performed using only the sparsity pattern of A, so that
it can be used in case of unstructured grids and irregular geometries, is worth further
study. Also, more research is required to exploit the parallelism present in the algorithm,
and to study the possibilities for using the ideas of Chapter 6 for solving the discretized
incompressible Navier-Stokes equations.
æ
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